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In §1, the calculation of the nondiagonal elements of electrostatic interaction is 
sketched. In §2, attention is called to the fact that the matrix elements of L, (the 
x-component of orbital angular momentum), as calculated between spherical harmonic 
eigenfunctions taken with positive phase, are negative when m; is + and positive 
when m; is —. The calculation of eigenfunctions in LS coupling has always been done 
using only positive matrix elements of L,. This amounts effectively to using a zero- 
order scheme in which one takes spherical harmonic eigenfunctions with negative 
phase for positive odd values of m:, and positive phase for all other values. In §3 
the calculation of first order energies for configurations which give more than one 
multiplet of a kind is considered, and explicit formulas given for the electrostatic 
energies and magnetic splitting of the two ?D's of d°. The results are shown to compare 
satisfactorily with the observed data. The second 2D is predicted in general to be 
extremely high and inverted. 


N THIS paper we wish to calculate the separate energies and intervals of 

multiplets which occur more than once in a configuration. For this purpose 
we need the nondiagonal elements of the matrix of electrostatic interaction, 
which are given in §1. Since this matrix must be obtained algebraically, we 
discuss in §2 the interpretation, in terms of algebraic functions, of the eigen- 
functions in LS coupling which have been found by various investigators. 
This consideration is necessary because of a question of phase to which atten- 
tion has not hitherto been called. We then proceed in §3 to discuss the energy 
levels and separations, calculating in detail the two ?D’s of d’. 


§1. MATRIX ELEMENTS OF ELECTROSTATIC INTERACTION! 


We shall first sketch the calculation of the matrix of the electrostatic 
interaction 


N e2 N 
G=) —= Deli, J) (1.1) 
i>j=1 ij i>j=1 


in the zero-order scheme. In this scheme the eigenfunction belonging to the 
state A =(a', a®, - - - a) will be the antisymmetric combination 


¥(A) = + (N!)-3 DO(— 1)?Pai(a")ue(a?) - - - uy(a%), (1.2) 


where P represents a permutation of quantum numbers relative to electron 
indices, and p has the parity of P. Here the symbol u,(a’) indicates the one- 


1 The contents of this section are not original, although they have never been published 
in detail. The reduction of the nondiagonal elements to the form (1.5) and the calculation of the 
table of c’s were done over a year ago by Slater and his students at Harvard and M.I.T., and 
by Condon and the writers at Princeton. This fact is noted by Inglis, Phys. Rev. 38, 862 (1931), 
footnote 7. 
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electron central field eigenfunction for electron 7 with the j set of quantum 
numbers n‘lim,/m,’: 


u;(a?) = [R,(nl*) /r,|Ox(lim,*) &(m,4)5(0;, my’). (1.3) 


The angle factors are given by the formulas 





2+1(2—| mi). dim 
O(/m,) = | | sin! ™:1@ ——_—_——- P,(cos 8), 
2 (1 +| m, | )! d(cos 6)! ml (1.4) 
@(m,) = + (27)-te*m, 


These are given explicitly because their exact form will be essential in §2. The 
sign of the eigenfunction (1.2) is determined by the order of listing the quan- 
tum numbers, and we shall adopt for convenience the following standard 
order.” The individual sets will be listed first in increasing order of n values; 
sets with a particular » will be arranged in increasing order of / values; those 
with a particular ml will be listed in decreasing order of the m values; and 
the set with m,= +43 will be listed before that with m,= —} in case the two 
sets agree in regard to n, /, and m). 

In this scheme the diagonal elements of G have been given by Slater.’ 
The nondiagonal elements are easily obtained from formulas given by Con- 
don.‘ Since G is diagonal with respect to 14, =m, and Ms=m,, there will 
be no component between two states of the same configuration which differ 
in regard to just one individual set. If the two states differ in regard to two 
sets, A having the sets a, b, while A’ has the sets a’, b’, this matrix element 
is given by 


(A |G | A’) = + iff ii;(a)i2(b) g(1, 2)21(a")2(b’)dridre 


-ff ti, (a)i%2(b) g(1, 2)un(b")ua(a")drdre 


where the sign is to be chosen as in note 4. The general integral with four 
different quantum numbers which occurs here may be shown to be reducible 
to the form 


ff ii; (a@) Ho(b) e(1, 2) 11 (c)2(d)dridr2 


= 5(m,*, m,°)5(m,", m.*)5(my* + my’, mye + m,*) (1.5) 


» Sck(lem,2; lemy)c*(lem,?; 14,4) R*(nlen®l?; nln 4l4) 
k 


2 Used by Shortley, Phys. Rev. 40, 185 (1932). See esp. pp. 194, 195. 

3 Slater, Phys. Rev. 34, 1293 (1929). 

4 Condon, Phys. Rev. 36, 1121 (1930). These formulas must be supplemented by a de- 
termination of sign given in reference 2. The rule is as follows: To the matrix component be- 
tween two states, ¥(A) and y¥(A’), differing in regard to one or two individual sets, one pre- 
fixes + or — according to the parity of the permutation which changes the set A’ from its 
standard order to the order in which the equal elements in A and A’ occupy the same places. 
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where 
2 1/2 , 
c*(lmi; Um) = (= re :) J O(k, m, — m,')O(lm,)O(l'm/’) sin 6d0 (1.6) 
R*(n2lenl?; nelen 414) 
C) C) r<* 
— f f R,(n*l*) a(n) Ry(nel) Re(n4l4)drydry. (1.7) 
o do ry FHI 


Slater’s a's, b’s, F’s and G’s are special cases of these c’s and R’s, namely 


a*(l¢m,*; l’m,”) = c*(Ll¢m,*; 1¢m,*)c*(l’m,?; l’m,°) 

b*(L2m,*; l’m,®) = [c*(L¢m,2; l’m,°) |? } aide 
F*(nel; n*l’) = R*(n2lenl®; n2l¢nl?) 
G*(n2l*; nl’) = R*(nlen1; nln?) , } sai 


Hence the c’s may be obtained by taking the square roots of the b’s as 
given by Slater and Condon and Shortley® except for sign.® It is easily seen 
that the R’s which will be obtained within a configuration will always reduce 
to F’s and G’s. 


§2. THE EIGENFUNCTIONS FOR LS COUPLING 


The direct method of finding eigenfunctions in LS coupling is to proceed 
according to the definition of this scheme as one in which L’, S*, and either 
L., S:, or J®, Jz are diagonal. This method, which has been discussed by 
Johnson,’ consists in finding the matrices of L?, S* (and L-S) in the zero-order 
scheme and diagonalizing them simultaneously. Gray and Wills® have given 
a method which depends essentially on the fact that the matrix of J,+iJy,, 
where J is any angular momentum, has but one component in each row or 
column, so that component connecting the state ¥(j, m;) with the state 
¥(j, m;+1). Wigner® has given a general formula for the states which result 


5 Condon and Shortley, Phys. Rev. 37, 1025 (1931). 

6 The signs are given by Inglis, Phys. Rev. 38, 862 (1931), footnote 7, for s, p, and d 
electrons. These are repeated below, together with the signs for f electrons. To get c* the square 
root of b* is to be taken with the positive sign except for the following values of (/¢m;*; l’m,?; k), 
for which it is to be taken negative: 








7M. H. Johnson, Phys. Rev. 39, 197 (1932). 
8 Gray and Wills, Phys. Rev. 38, 248 (1931). The sign of the imaginary i as we use it is 


(1+1; 2+2; 3) (1+1; 2+1; 3) (1+1;2 0; 1) (2+2; 343; 3) 
(2+2; 3+2; 3) (2+2;3+1; 1) (2+2; 3+1; 5) (2+2;3 0; 3) 
(241;343;5)  (241;342;5)  (241;341;5) (24133 051) 
(2 0;3+3; 3) (242; 3 #1; 3) (141; 141; 2 (141; 343; 4) 
(141; 342; 4) (141; 341; 4) (1+1;3 0; 2) (141; 371; 2) 
(242; 2+2; 2) (242; 2+1;4) (24+2;2 0; 2) (241; 241; 4) 
(3 +3; 343; 2) (3 +3; 343; 6) (343; 342; 4) (3+3; 341; 2) 
(3 +3; 341; 6) (3+3;3 0; 4) (3+2; 342; 4) (342; 3+1; 6) 
(3+2;3 0; 2) (3+2;3 0; 4) (31; 341; 6) (3+3; 3$1; 4) 


reversed from that in Gray and Wills, in accordance with the more usual convention. 


® Wigner, Gruppentheorie, p. 206. 
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from the addition of any two angular momentum vectors, and the determina- 
tion of eigenfunctions using this formula has been discussed by Bartlett." 

All of these methods depend in the last analysis on the values of the 
matrices of L., L,, L, and S,, S,, Sz for one-electron eigenfunctions. If one 
calculates algebraically the matrix of L, using the functions (1.3), one finds" 


ai(nlmym,)L ,u(nl, m, — 1, m,) 


f <0. 
= + [(1+ m)(l — m + 1)]'? jt form s 


2.1 
\- for m, > 0. ate 


Now ever since they were first calculated by Born, Heisenberg, and Jordan” 
all matrix elements of the x-component of an angular momentum vector have 
usually been taken as real and positive, in particular in references 7, 8, 9, 10. 
Of course, this is satisfactory as long as one uses matrix methods and is con- 
sistent in the determination of the matrices of other observables; but before 
one may calculate a matrix, such as that of the electrostatic interaction, 
purely algebraically, one must determine what this choice of positive sign 
implies in the phase of the eigenfunctions. Suppose we designate by v(m/m mz.) 
the system of one-electron eigenfunctions for which the matrix of L, is given 
by 


D(nlmym,)L 2v(nl, my — 1, m.) = + [(l + m)(l — m, + 1)]"/? for all m. — (2.2) 


Then the v’s will be related to the u’s by the scheme 


vu(ml, 3,m,) = — u(nl, 3,m,) 
u(ml, 2,m,) = + u(nl, 2,m, 
v(ml, 1,ms) = — u(nl, 1,m,) (2.3) 


u(ml, O,ms) 
u(ml, —1,m,) = 


SOO @ MB Shi Bem 


+ u(nl, O,m,) 


| 
~ 
~ 
, i, 
~~ 
i 
~~ 
~ 
— 
~ 
~ 
~_ 
~ 
» 
A 


(or this same scheme with signs reversed). Here the signs alternate for posi- 
tive values of m:, but are all positive for negative values. 

The matrix of L, is given in terms of that of L,, in any scheme by the 
relation 


(m,| Ly! mi’) = ei (4/2) (mim (my, | L.| m{). 


The matrices of S,and S, are the same in the u scheme and the v scheme since 
they are diagonal with respect to m;. Hence the matrix of any function of 
L and S as calculated using positive angular momentum matrix components 
is correct for the v scheme. 

This means that all eigenfunctions in LS coupling heretofore published 
have been in terms of zero-order functions in the v scheme and not in the more 


10 Bartlett, Phys. Rev. 38, 1623 (1931). 
See, for instance, Brillouin, Jour. de Physique 8, 74 (1927). 
Born, Heisenberg, and Jordan, Zeits. f. Physik 35, 557 (1925). 
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logical u scheme. This distinction is essential when one calculates the matrix 
of electrostatic interaction, for example; if one fails to note this one will 
obtain matrices of electrostatic interaction which are not at all diagonal in 
LS coupling.” 

As an example we may take the case of p*, as calculated by Johnson using 
positive matrix components. If we use a notation m,* ,in which we write + 


for m,= +34, — for m,= —}, the zero order states for m;=} are 
I (1-0*0-) III (1+0* — 1-) 
II (it+1- — 1-)" IV (1+0- — 1*) 
V (1-0+ — 1+). 


In terms of these states the eigenfunction for ?D5;2 (7; = 3) as given by John- 
son is 


2Dsyo = (1/5)'/21 — (1/5)/211 + (1/10)!/211T — (4/10)!/21V + (1/10)!/2V. 
This state must be interpreted, if we letc4 represent the antisymmetrizing 
operator +(N!)-* 2 p(—1)? P which occurs in (1.2), as 
2Dsy2 = (1/5)"/%eAv,(1-)v2(0*)u3(0-) — (1/5)'/%eAv,(1+)v2(1-)u3(— 17) 
+ (1/10) '/%2Av,(1+)ve(0t)us(— 1-) — (4/10)/%Av,(1+)v2(0-)u3(— 1+) 
+ (1/10)!/2Avi(1-)ve(0*)u3(— 1*). 
In terms of the « scheme this becomes, according to (2.3) 
2Dsjo = — (1/5)'/%eAuy(1-)t2(0+)03(0-) — (1/5) 1/2%2A uy (1+) u2(1-) u3(— 17) 
— (1/10) /%Au,(1*)2(0+)u3(— 1-) + (4/10)/%2Au,(1+) u2(0-)u3(— 1+) 
— (1/10) "/%2Au,(1-)2(0+)u3(— 1+). 


It is here, of course, not the sign of the whole expression, but the relative 
change of sign of the second term, which is significant. In the same way one 
must interpret all eigenfunctions which have been calculated using positive 
angular momentum matrices. 

If one wishes to calculate eigenfunctions directly in the « scheme, one 
must substitute the values (2.1) instead of (2.2) in the formulas given by 
Johnson for the matrices of L? and L- S. For the Gray-Wills’ method one must 
use the formulas 


(L, — iL,)u(lm)) 


for m, < 0 
= + [(1+ m)(l — m + 1)]"/2u(, m, — 1) {+ form s 
(Lz + iL,)u(lm) 1 See > sas 
z tL y)U\im) r ie : | 
= + [(l — m)(l + m, + 1) ]'/2u(1, m: + 1) ‘ 
— form, = 90 


8 Failing to note this will in general affect the calculation of transition probabilities, but 
not in the particular case of transitions in which one electron jumps from ? to s, as calculated 
by Ufford, Phys. Rev. 40, 974 (1932). 

4 This state is the negative of Johnson’s II because of the different order of listing the 
quantum numbers. 
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which have signs chosen in accordance with (2.1). When using Wigner’s 
formula for the addition of an / electron to an ion of resultant orbital momen- 
tum /', the sign of the coefficient (J‘7L M,| l'l m,‘ m,) must be changed when 
m,=+1, +3, ---. This is because an electronic function which is different 
in the u and uv schemes is combined with an ionic function which is equivalent 
in the two schemes in the sense of (2.3). In adding LZ and S to obtain eigen- 
functions in the LSJ 1, scheme, Wigner’s coefficients are used as given by his 
formula without change of sign, since the initial states are now independent 
of the scheme used in obtaining them. The changes given in this paragraph 
are required only when it is desired to calculate eigenfunctions directly using 
positive phases for all of the one-electron functions, the other alternative be- 
ing the calculation using v’s throughout. 


§3. Frrst-ORDER ENERGIES FOR CONFIGURATIONS WHICH GIVE More 
THAN ONE MULTIPLET OF A KIND 


We shall now discuss the calculation of the first-order energies for con- 
figurations which give more than one multiplet characterized by the same 
values of L and S; at the same time giving the detailed results for the con- 
figuration d*, which gives two *D’s, and is the simplest and most completely 
analyzed configuration of this type. 

The electrostatic energy of any multiplet occurring only once in a con- 
figuration may be obtained very simply by the diagonal sum method outlined 
by Slater,’ without having to calculate any eigenfunctions or to use nondiag- 
onal elements of electrostatic interaction in the zero-order scheme. When 
several multiplets of a kind occur, however, this method gives only the sum 
of the energies. In order to separate the energies, one must solve a secular 
equation connecting a group of eigenfunctions representing the multiplets of 
one kind. This is most easily explained by an illustration: the case of the two 
2D’s of d*. Consider the highest JJ; and J/s values which belong to a 2D. 
These are 1, =2, Ms=}. The zero-order states of d°, which are characterized 
by M,=2, Ms=}3 are, in the notation of §2, 


A Auy(2*)u2(2-)u3(— 2+) B Au,(2*)u2(1*+)3(— 17) 
C Auy(2*)u2(1-)u3(— 1+) D- Au,(2-)u2(1*)u3(— 1+) 
E Au,(2*)u2(0*)u3(0-) F Au, (1*)uo(1-)u3(0*). 


In terms of these zero-order functions one must determine two orthogonal 
eigenfunctions for *D, which will then be characterized by 1,=2, Ms=}.A 
convenient way of doing this is to find by any of the methods of §2 the eigen- 
functions for all the other multiplets which have states W7,=2, Ms=} 
(namely ?/72,1/2, ?Ge,1/2, *F 21/2 4F 2,12) and then to choose two functions ortho- 
gonal to these and to each other. The following were obtained by this proce- 
dure: 


% This is Wigner's coefficient SLmpimi®, formula (27) p. 206, Gruppentheorie. For example 
in Wigner’s table, page 208, the signs in the column »y=1 should be changed, when p=™m;,', 


v=™m\. 
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2D% yw2=3/-A+B—-C+E] 





(3.2) 
2D. 2 = (84)-1/2[— 5A — 3B —C + 4D — 3E — 2(6)"F J. 
The matrix of electrostatic energy for these states becomes"® 
a b 
a | 3Fo + 7F2 + 63F, 3(21)'/7(F, — SF4) (3.3) 
b | 3(21)/(F, — SFy) 3Fo + 3F2 — SIF, si 
which has for its eigenvalues the energies 
€ = 3Fo + SF2 + 3F, + (193F 2? — 1650F Fy + 8325F ,?)'/?. (3.4) 


This formula then gives the electrostatic energies of the two 7D multiplets. 
The eigenfunctions for these multiplets, for 174, =2, Ms=}3, may now be ob- 
tained. If we write the eigenfunction for either of them as a?D*q,:;2+8?D"2,1/2, 


we find 
3Fo + 7F2 + 63F, — €\? —1/3 
| ys 
3(21)'/*(F, — 5F4) 


3F 5 + iF + 63F 4 —_~¢ 
3(21)'/2(F, — 5SF4) 





(3.5) 





B= 


Now since this is the only state with M,=5/2, this state is identical 
with the state *Ds;2, 1/,;=5/2. The eigenfunctions for the other values of J 
and My, may be obtained from this by the Gray-Wills’ procedure, and the 
whole matrix of magnetic interaction” calculated. This procedure leads, 
however, only to secular equations which are too complicated to be solved. 
In all the analyzed d* configurations the magnetic interaction is very small 
compared to the electrostatic, so that one can consider it merely as a small 
perturbation on the electrostatic levels; hence it will suffice to calculate the 
diagonal elements of magnetic interaction in the LSJ M, scheme. The use of 
the diagonal sum Tule together with the Landé interval rule enables all of 
these elements to be readily calculated'* for multiplets which occur only once 
in a configuration; but for multiplets occurring more than once this method 
gives only the sums of the magnetic energies. For the state (3.5) one obtains 
by direct calculation the value 


(?Dsj2, 5/2| V!| *Dsyo, 5/2) = [a?/2 — (21)"/%aB/3 — 82/6 ]¢ 
= }[1 F (59%, — 435F4)(193F 2? — 1650F 2, + 8325F2)—/2]¢, (3.6) 


16 The notation is as in Condon and Shortley,’ F,=(1/49)F*(nd*), Fy= (1/144) F*(nd?), 
where F2 and F‘are as in (1.9). 

17 For the elements of this matrix see Johnson,’ p. 201, and Shortley,? §5. These elements 
are given with plus signs and must be so used only in the v scheme, as has been done by 
Johnson. 

18 Pauling and Goudsmit, Structure of Line Spectra, §39. The a of this section is our ¢. 
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where V' is the magnetic interaction Lé(r;)L;-S;, and ¢ the radial factor 
(nd| E(r) | nd). The upper sign is to be taken with the upper sign in (3.4),and 
vice versa. From the Landé interval rule we know that the ?D splitting is 5/2 
this quantity, while the other d* intervals are given in Table XIII of Pauling 
and Goudsmit. The sum rule says that the sum of (3.6) for the two ?D’s must 
be 3¢, which is seen to be the case. 

We shall now see how these calculations compare with the experimental 
data. The first instance of d? is Russell’s!® 3d in Ti II, which has been dis- 
cussed by Condon and Shortley,® who have also given the formulas for the 
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Fig. 1. Energy levels of the configuration d*. The values for Ti II and Zr II are calculated 
from the constants given by Condon and Shortley;‘ in V III the constants are chosen to make 
4F, 4P, and °G fit exactly. 


electrostatic energies. They found that they could obtain a fairly good fit for 
this configuration with F;=845, Fy=54 (3F)=17,750). If we put these values 
into (3.4) we find for the energies of the two ?D’s 12,820 and 31,450 cm. The 
only ?D found by Russell is at 12,710 cm~, which agrees excellently with our 
lower 2D. The position of the second *D is predicted 10,000 cm~ higher than 
any other level of the configuration, which may account for its not being 
found. The intervals in this configuration are discussed in Pauling and Goud- 
smit, p. 163. Using, as they do, the *// interval as standard, one calculates, 


19 Russell, Astrophys. J. 66, 283 (1927). 
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from (3.6) the lower 7D interval as 142 cm~', while the observed value is 
129.4. The interval for the higher *D is calculated as —67.7 cm™. 

In the 3d* of V III White”® has found all the multiplets except ?F and one 
2—D. The configuration d* has the peculiarity that the calculated electrostatic 
energies for 7/7 and ?P are equal. In this instance these energies are not at all 
equal so that we cannot depend much on *// and ?P. However if we choose the 
F’s to make the other three multiplets, *F, 4P, °G fit exactly, the 7/7 energy is 
fairly good (15,869 cm calc., 16,906 cm obs.) while that of the ?P is not 
(11,327 cm™ obs.). This is in accord with the observation of Condon and 
Shortley, who in two instances (Ti II and Zr II) found a reasonable fit for 2/7, 
but not for ?P. The values of the constants which are obtained in this way are 
F,.=1171, Fy=83 (3F)=23,891). These constants give for the values of the 
two ?D’s, 17,300 and 42,700 cm~. The first of these is agreeably close to the 
2D found by White at 16,317 cm7; the second is predicted 25,800 cm higher 
than any other level of the configuration, which has a spread of only 16,900 
cm~ as analyzed! Hence it is not surprising that this second *D was not found. 
The intervals as usual agree only roughly. White has remarked that ‘F fits 
the interval rule fairly well, and if we use the ¢ given by this level, (which is 
about an average ¢ for the configuration), the calculated ?D intervals are 248 
and —110 cm; the first of these is to be compared with the observed interval 
of 147 cm“. 

For the 4d* of Zr II, in which Kiess and Kiess*! report two ?D’s, Condon 
and Shortley obtain an approximate fit of all levels except ?P with F,;=683, 
F,=36 (3F)=16,000). With these values the calculated ?D’s lie at 11,750 
and 27,310 cm, with separations of 593 and —309 cm™, respectively. These 
separations are calculated using the *J7, which gives an average value for 
¢, as standard. The observed ?D’s lie at 13,869 and 14,559 cm~! with separa- 
tions of 734 and 435 cm~!. Hence we must infer that, if these are correctly 
classified, one of them is very strongly perturbed. 

These are all the instances of d* which are sufficiently analyzed for com- 
parison with the theory. In general we have seen that the lower *D corre- 
sponds well with the one usually observed; the second *D is predicted ex- 
tremely high and inverted. 


20 White, Phys. Rev. 33, 672 (1929). 
*1 Kiess and Kiess, Bur. Standards J. Research 5, 1210 (1930). 
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Calculation of the Quantum Defect for Highly Excited 
S States of Para- and Orthohelium 


By Lioyp P. SmirH* 
Department of Physics, Cornell University** 


(Received August 12, 1932) 


Experimental term values for the S states of para- and orthohelium for the case 
when one electron is in the ground state and the other is in a highly excited S state 
can be represented by the formula E = —Rh/(n —A,,2)*; A; and A» being the quantum 
defects for the ortho and para systems, which have the respective numerical values, 
0.298 and 0.140. The object of the present paper is to calculate the values of A; and 
A» by a convenient method quite different from that used by Hylleraas. Neglecting 
the polarization of the atom core, the results obtained for A; and A» are 0.289 and 
0.160, respectively, in contrast to the corresponding values 0.230 and 0.122 obtained 
by Hylleraas before he corrected for polarization. This difference is due to the more 
accurate wave functions obtained here and indicates that the effect of polarization 
is not as great as it would appear from the calculations of Hylleraas. 


YLLERAAS'! has already calculated the values of the quantum defects 

A; and A, for the highly excited S states of ortho- and parahelium as- 
suming a solution of the wave equation in the form Y= ¢i(r1)¢n(re) + o1(72) 
¢,(r:), but in the differential equations determining the @’s, certain assump- 
tions were made as to the field in which each electron moves, of such a form 
that the equations could be solved. Since this procedure does not lead to the 
closest approximation to the solution of the helium equation compatible with 
the chosen form of yw it seemed desirable to obtain a better solution based 
on Fock’s? method for determining the approximate eigenfunctions for the 
many electron problem and to calculate A; and A, by a different method. 

Fock assumes a solution of the wave equation for helium of the form 


WV = YilxiWo(re) + Pilx2)Po(x1) (1) 
where the plus and minus signs refer to para- and orthohelium and x and x2 
refer to all the coordinates of electron 1 and 2, respectively. The solution (1) 
is substituted in the variational problem for which the wave equation for 
helium is just the Eulerian equation. In order to minimize the resulting 
integral it is found that y, and wy. must satisfy the following simultaneous 
equations, when y; and y are assumed normalized ; 


Hy (x) + Goo(x)~ilx) + Gai(x)po(x) 
= (E— Hes¥i(x) F Hewe(x) F (H — E)y.(x) { Vilx)o(x)dx (2) 

Hyo(x) + Gi(x)po(x) + Gio(x)pi(4) 
= (E — Hy)(x) F Hiwi(x) F (H — E)yi(x) [Fonwas (3) 


* National Research Fellow. 

** Temporarily at Institut fiir Theoretische Physik, Munchen. 
! Zeits. f. Physik 66, 453 (1930). 

2 Zeits. f. Physik 61, 126 (1930). 
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where 
H = — 3{02/dx? + 82/dy? + 82/22} — z/r 
Gi = J boscarve(a)/Rolae’ (4) 
Ay = f¥comncayas 





and Rp is the distance between the two electrons. The space coordinates are 
expressed in atomic units, i.e., of length ay =h?/4x°me?’ and the energy E is in 
units of 2Rh; R being the Rydberg constant R=27’me*/h®. When y; and yo 
can be taken as orthogonal as well as normalized, the integral terms in Eqs. 
(2) and (3) drop out. The upper and lower signs refer to parahelium and ortho- 
helium, respectively. 

The method which will be used to compute the quantum defect for the 
case when electron 2, say, has a very small energy, requires a rather accurate 
determination of WY at large distances from the nucleus. An accurate solution 
for y is not required except insofar as it is needed to determine ye. Due to the 
way in which y; enters in Eq. (3) it will be sufficient as a first approximation 
to assume y; to be the wave function associated with the helium ion in the 
ground state, i.e., a spherically symmetric function of the coordinates. By 
making this assumption, the possibility of taking polarization effects into 
account is precluded. Further, since we suppose that the energy of electron 
2 is practically zero, the term (EZ — JJ) in Eq. (3) (which is nearly the energy 
of electron 2) will be replaced by the small term e. As a result of these assump- 
tions, Eqs. (2) and (3) reduce to 


Hy,(x) = Ey,(x) (2a) 
Ho(x) + Gi(x)po(x) = F 1Gi2(x) + Hy} ¥i(x) + e2(x) (3a) 


the integral term in Eq. (3) dropping out because of Eq. (2a) assumed for y. 
It is clearly seen that it is possible to find normalized solutions of Eq. (2a) 
and (3a). 


The normalized solution of Eq. (2a) for the ground state of the helium 
ion is 


ilri) = 2(2/m)'/?e-%n 


Substituting this expression for y:(r:) in the expressions (4), we have; 
e~*"r,? sin 0;d¢,d0,dr 
Gi(r2) = =f Cf i 1d6,dr, 
0 (r,? + r2” a 2rire cos y)'/2 
2" e~2rwWo(r1) ri? sin 0,d¢,d80,dr 
Gis(rs) + Ua = 2(— =)" {f f f e*ho(ri) ri? 1d d0\dr, 
0 (r? + re? — 2rire cos y)i/? 


7) 
-f f foe nf— a (18 . v2 ‘V+ —wyo \ r;? sin sddrddsdr | 
2 r? Ory Or, ry “f 
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where y is the angle between the two electrons. The integrations over the 
angles can easily be carried out and in the case of Gy(re) also the integration 
over 7. Carrying out these integrations and simplifying the notation by re- 
placing the radius of the first electron 7, by the integration variable s and 
replacing 72 by r without subscript, the above expressions become, 


Gu(r) = 1/r — e*"(1/r + 2) 


Giul(r) + Hi 8(2/n)"| (4 fervor 


i a] 


+f e~**Yo(s)sds — 2 f tps)stds]. 
. 0 


Substituting these expressions in Eq. (3a) and at the same time writing £ 
=ry2(r), Eq. (3a) becomes: 


te" + {2/1 + 2e-4"(1/r + 2) + 2e}ts = F S(r) (5) 


where 


ce) 


S(r) = oie ar f e~*8t=(s)sds — f e~**tz(s)sds — rf € mes(o)ds 
0 0 r 


and £ and &, denote the solution for para- and orthohelium, respectively. 
S(r) contains only A ustausch terms. 
For large values of r and negligibly small values of e, Eq. (5) reduces to 


t:" + (2/r)tz = 0 (6) 
whose general solution is 
ts = (wr)"?[AzJ1{ (8r)'/2} + BV. { (8r)"/2} | (7) 


where J;(z) and Y2(z) are the Bessel’s functions of the first and second kind, 
respectively, of order 1. The solution of Eq. (5) for all values of r and negligi- 
bly small ¢ can be most conveniently obtained by solving it numerically by 
any of several well-known methods, over the domain from r=0 to a value of 
r such that Eq. (5) essentially reduces to Eq. (6), at which point the solution 
(7) is joined on, thus determining the arbitrary constants. Since only the 
ratio A/B will actually be required, it may be easily calculated by means of 
the expression 


A/B = — (ril?’/V, — Q2EV 5) /(r/2ET, — 21/2¢7,) 


where é and &’ are the values of £ and its first derivative at the point 7 and the 
argument of the Bessel’s functions is (87)'/? throughout. The domain over 
which the numerical integration must be carried out is not large, e.g., 0 
<r<4, Since Y2 must be finite at r=0, & must be placed equal to zero at 
r=0, from which & can be determined by means of the differential equation 
thus determining the solution uniquely. The first approximation is obtained 
by placing S(r) =0 and then obtaining a second approximation by substituting 
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the first approximation in S(r). Three approximations will usually give a solu- 
tion correct to four places. This method is not only convenient but is illumi- 
nating in that it shows very clearly the effect of the austausch terms on the 


TABLE I. Numerical solutions of Eq. (5) for small r. 























r S(r)=0 Ortho Para r S(r) =0 Ortho Para 
£o gy é fo g, §. 
0 0 0 0 2.00 —0.1982 —0.1609 —0.2081 
0.10 0.0819 0.0817 0.0822 2.10 —0.2203 —0.1734 
0.20 0.1339 0.1326 0.1359 2.20 —0.2402 —0.1839 —0.2667 
0.30 0.1640 0.1604 0.1688 2.30 —0.2581 —0.1923 
0.40 0.1778 0.1706 0.1865 2.40 —0.2736 —0.1988 —0.3172 
0.50 0.1794 0.1681 0.1928 2.50 —0.2870 —0.2034 
0.60 0.1721 0.1563 0.1901 2.60 —0.2982 —0.2062 —0.3583 
0.70 0.1578 0.1379 0.1804 2.70 —0.3070 —0.2071 ; 
0.80 0.1382 0.1153 0.1646 2.80 —0.3133 —0.2064 —0.3892 
0.90 0.1149 0.0898 0.1439 2.90 —0.3175 —0.2041 
1.00 0.0885 0.0629 0.1193 3.00 —0.3195 —0.2003 —0.4097 
1.10 0.0601 0.0354 0.0914 3.10 —0.3196 —0.1950 
1.20 0.0306 0.0081 0.0609 3.20 —0.3176 —0.1884 —0.4198 
1.30 0.0004 —0.0185 0.0285 3.30 —0.3138 —0.1805 
1.40 —0.0299 —0.0440 —0.0052 3.40 —0.3080 —0.1715 —0.4198 
1.50 —0.0609 -—0.0680 —0.0397 3.50 —0.3007 —0.1614 
1.60 —0.0910 -—0.0904 —0.0745 3.60 —0.2916 —0.1504  —0.4102 
1.70 —0.1202 -—0.1109 —0.1092 3.70 —0.2808 —0.1385 
1.80 —0.1479 —0.1296 —0.1432 3.80 —0.2687 —0.1258 —0.3917 
1.90 —0.1740 —0.1462 —0.1763 3.90 —0.2551 —0.1124 
2.00 —0.1982 -—0.1609 —0.2081 4.00 —0.2424 —0.0985 —0.3650 
A,/B,=-—0.779 A_/B_= —1.806 








solution. The results of the numerical solutions for £; together with the ratio 
A/B of the corresponding constants needed to continue the solution for large 




















Fig. 1. 


r by means of Eq. (7) are given in Table I. Graphs of these solutions together 
with the solution in which no austausch terms have been taken into account 
are shown in Fig. 1. It is of interest to note the appreciable phase shift in these 
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solutions due to the austausch effect. This phase shift is used to compute the 
quantum defect. 


CALCULATION OF THE QUANTUM DEFECT 


The method of calculating the quantum defects A, or A, consists of finding 
a solution of Eq. (5) for large values of r where the small but unknown energy 
term 2¢£ is retained and comparing this solution with that given by Eq. (7) 
already determined in the limit e—0. Retaining the term 2¢, Eq. (5) reduces, 
for large values of r to &’’+(2€+2/r)E=0. It is convenient to express the 
energy in units of Rh by writing 2e = —1/(m—A)?, where 7 is a positive inte- 
ger and A is the quantum defect which we seek, in which case the above equa- 
tion becomes: 


£” + (2/r — 1/(n — A))E = 0. (8) 


Wentzel, Kramers, and Brillouin* obtained approximate solutions of equa- 
tions of this type. These solutions become invalid in the neighborhood of the 
point where the coefficient of & vanishes; the fundamental solution for the 
region where the coefficient of & is positive are oscillatory and go over into 
real exponentials when this coefficient is negative. It is important to know 
which oscillatory solution is the continuation of the increasing or decreasing 
exponential solution. These have been established by Kramers and Zwaan.‘ 
For the case in hand it is necessary to use the oscillating solution which is a 
continuation of the exponential solution that decreases as r increases, in order 
that the solution of Eq. (8) will remain finite at r=. The appropriate solu- 
tion of Eq. (8) in the region where 


2/r —1/(n — A)? > 0 (9) 


which remains finite at r= © is 


2 1 —1/4 / r y) 1 1/2 | 
é = cf— —_— —— \ cos ‘J. (< —- —-—- ) dr+—p. (10) 
r (n — A)? 2(n—AP\ 1 (1 — A)? 4 § 


It is possible to use this solution for large r and still satisfy the condition (9) 
since we are at liberty to choose n as large as necessary. Upon performing the 
integration, Eq. (10) becomes; 


Catal “ethie-#-T 
== r (n —A)?f wa 2 m 2 


+ 2(n — A) sin” [oe | — (n — A)r + =H. 
(2 — A) 4 





Since this expression will be needed only for the case where 7/(n—A) <1, it 
can be simplified by omitting higher powers of r/(m=A) and can then be 
written as 

£ = C(r/2)!4 cos | (8r)2 — (n — A)t + 2/4}. (11) 


3 See for example; H. A. Kramers, Zeits. f. Physik 33, 828 (1926). 
4 A. Zwaan, Utrecht Dissertation, 1929. 
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This solution can be most easily compared with that given by Eq. (7) 
in the domain where r is so large that the Bessel’s functions appearing in 
Eq. (7) can be replaced by the first term in their asymptotic expansions, 
namely 

J 1{ (8r) 1/3} 


Y¥,{(8r)1/2} 


[1/m/2(2r)'/4] cos { (8r)*/2 —7/2—- r/4} ; 
[1/x!/2(2r)1/4] sin { (8r)12 — x/2 — oe /4} + --- 


Substituting these expressions in Eq. (7) it may be written, 
£ = C(r/2)*/4 cos { (8r)¥/2 + 34/4 + dr} (12) 


where 6=tan~'A/B. It is now evident that the two solutions (11) and (12) 
differ only in phase and since in the limit for large m the two solutions must 
be identical in phase, this serves to determine the unknown phase factor in 
Eq. (11). Equating the phases we have, A=n+4+46. Since A denotes only the 
non-integer correction to m we may write A=}+46, or remembering the two 
solutions for para- and orthohelium and also the relation for 6 in terms of the 
constants A and B, we have, 
ortho 
A, = $+ (1/z) tan“! A,/B, 
para 
(13) 
Ae = 4 + (1/m) tan-! A_/B_. 
The quantum defect may therefore be found by matching the phases of the 
two solutions (7) and (10) in the domain where they must be equal, namely for 
sufficiently large r and in the limit n>. 
Making use of the numerical values of the coefficients A and B given in 
Table I, the following results are obtained for A; and A:, namely, A, =0.289, 
A, =0.160. 


DISCUSSION OF RESULTS 


The corresponding values of A; and A; calculated by Hylleraas; namely, 
for the case when the polarization of the atom core is neglected, are 0.230 and 
(0.122, respectively, while the values needed in order to yield the term values 
obtained experimentally are 0.298 and 0.140. The fact that the values ob- 
tained here are in better agreement with the values found experimentally is 
doubtless due to the more accurate wave functions obtained here. By at- 
tempting to take the polarization into account, Hylleraas obtained 0.29 and 
0.15 for 4; and A: which are in good agreement with the experimental results. 
However, in the light of the results obtained here, it does not seem likely that 
the polarization of the atom core plays as great a role, as regards the values of 
A, and Ag, as that indicated by Hylleraas’ calculations. 

The writer is indebted to Dr. H. Bethe for suggesting this problem and for 
helpful discussions in connection with it, and to the National Research Coun- 
cil for the Fellowship under which this work was carried on. 
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Rotational Analysis of the First-Negative Bands of 
the CO+ Molecule 


By R. F. ScumMip 
Ryerson Physical Laboratory, University of Chicago 


(Received August 19, 1932) 


By using the light of a graphite hollow cathode in a CO, atmosphere, the 
2 >— 2 (first-negative) CO* bands at \\2299.7, 2325.2, 2419.4, 2445.8, 2474.2, 2504.5, 
2577.7, 2607.2, 2638.7 and 2672.3A have been photographed in the second and third 
order of a 21 foot Rowland grating. The analysis gives the rotational constants: 
B,’ =1.778 cm™, a’ =0.032 cm and B,”’ =1.954 cm, a” =0.019 cm. The p-type 
doubling of both of the upper and lower 22 states seems to be very small. Only lines 
with high rotational quantum numbers show broadenings and sometimes measurable 
doublings. Definite perturbations could not be observed. 


HE first attempt at arotational analysis of the first-negative group of 

CO* was made by Blackburn.! He photographed the bands in the light 
of a helium discharge tube and measured mostly in the first order of a 21 foot 
grating. Since he did not publish his measurements and because the rotational 
constants given by him seem to be erroneous, new measurements seemed de- 
sirable. For that purpose a 1 X 1X1 inch graphite block with a cylindrical hol- 
low (3 mm width) was put in a bulb with a quartz window, and using a CO: 
atmosphere at 0.1 mm pressure a direct current of about 700 milliamperes was 
led through. A smaller piece of graphite served as anode. The cathode became 
red hot and the hollow gave a very bright blue colored light, which contained 
the whole CO* spectrum in considerable intensity and also some CO and CO, 


bands. In 50 hour exposures good second and third order pictures were ob- 
tained. 

















K P K R | K P K R 
1 43,456.0 19 43,319.0 25 «43, 434.4 
1 43 ,445.6 2 458.6 20 309.1 26 429.3 
2 441.2 3 461.7 21 298.6 27 423.8 
3 436.6 4 464.0 22 287.9 28 418.0 
4 431.7 5 465.8 23 276.6 29 412.1 
5 426.5 6 467.4" 24 265.1 30 405.5 
6 421.0 7 468.5 25 253.2 31 398.3 
7 415.1 poe ite 26 241.2 32 391.1 
8 409.0 14 468.5 27 228.7 33 383.6 
9 402.5 15 466.9 28 216.0 
10 395.7 16 465.3 29 202.7 34 (375.5 
11 388.5 17 463.2 30 189.4 1375.0 
12 381.0 18 460.8 31 175.4 
13 373.1 19 457.8 32 161.6 35 {367.7 
14 365.0 20 455.1 33 147.0 \366.8 
15 356.6 21 451.6 34 131.9 
16 347.7 22 447.8 36 (359.3 
17 338.5 23 443.7 | \358.4 
18 329.0 24 439.2 
37 349.7? 














1C, M. Blackburn, Proc. Nat. Acad. 11, 28 (1925). 
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TABLE IT. \=2419.39A 0-2 band. 
K P K R K P K R 
1 41,292.4 1 41,303.1 18 41,182.2 27 41,285.0 
2 288.4 2 306.1 19 173.2 28 280.6 
3 284.0 3 308.8 20 163.9 29 275.3 
4 279.3 4 311.1 21 154.4 30 269.9 
5 274.2 5 313.3 22 144.1 31 264.1 
6 268.7 6 314.9 23 134.0 32 257.9 
7 263.0 — — 24 123.4 33 251.1 
8 257.3 17 315.9 25 112.5 
9 251.1 18 314.2 26 101.3 
10 244.6 19 312.2 27 89.8 
11 237.9 20 309.8 28 78.4 
12 230.8 21 307.1 29 66.2 
13 223.3 22 304.2 30 53.8 
14 215.6 23 301.0 31 41.3 
15 207 .9 24 297.5 32 28.3 
16 199.8 25 293 .7 33 15.0 
17 191.2 26 289.4 34 1.4 
TABLE IIT. \=2325.17A 1-2 band. 
K P K R K P K R 
4 42 ,956.9 12 42 ,993.4 21 42 ,820.5 29 42,925.9 
5 952.3 13 992.3 22 809.4 30 918.9 
6 946.8 14 990.8 23 797.7 31 911.0 
7 940.8 15 989.0 24 785.7 32 903.0 
8 934.5 16 986.9 25 772.5 33 894.5 
9 927.7 17 984.3 26 760.6 
10 920.7 18 981.6 27 747.8 34 {885.7 
11 913.4 19 978.3 28 734.5 \885.0 
12 905.8 20 975.0 29 720.7 
13 897.6 21 971.2 30 706.7 35 {878.2 
14 889.2 22 966.9 1876.3 
15 880.4 23 961.9 
16 871.5 24 956.5 36 {868.0 
17 861.8 25 951.0 : \ 867.1 
18 852.2 26 945.6 
19 841.9 27 939.3 37 {858.5 
20 831.5 28 932.6 ‘ \875.6 
TABLE IV. \=2445.84A 1-3 band. 
K P K R K P K R 
1 40, 848.4 0 40, 856.3 16 40,754.0 23 40 , 849.4 
2 844.3 1 859.3 17 744.9 24 845.3 
3 839.6 2 862.1 18 735.8 25 840.8 
4 835.0 3 864.6 19 726.2 26 836.0 
5 829.8 4 866.8 20 716.4 27 830.8 
6 824.8 5 868.7 21 706.5 28 825.5 
7 819.0 _- — 22 696.2 29 819.8 
8 812.9 15 870.5 23 685.1 30 813.3 
9 806.7 16 869.2 24 674.2 31 806.9 
10 799.9 17 867.5 25 663.2 32 800.1 
11 792.9 18 865.4 26 651.3 
12 785.7 19 863.0 27 639.2 
13 778.1 20 859.9 28 626.6 
14 770.1 21 856.7 29 614.6 
15 762.1 22 853.1 30 602.3 
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TABLE V. A\=2577.68A 1-4 band. 





























K P K R K P K R 
2 38, 750.6 1 38,765.4 22 38,612.7 29 38, 743.0 
3 746.7 2 768.5 23 603.0 30 738.2 
4 742.0 3 771.3 24 592.9 31 732.8 
5 737.4 4 773.7 25 581.0 32 727.2 
6 732.0 5 776.0 26 517.7 33 721.4 
7 726.8 6 777.6 27 561.0 34 715.1 
8 721.0 7 779.3 28 550.0 35 708.9 
9 715.1 — — 29 538.3 36 702.4 
10 708.9 17 779.8 30 526.6 37 695 .9 
11 702.4 18 778.4 31 514.7 38 687.7 
12— 696.5 19 776.7 32 502.1 39 679.9 
13 688.5 20 774.6 33 489.5 40 671.9 
14 681.2 21 772.3 34 476.5 
15 673.6 22 769.5 35 463.6 
16 665.7 23 766.6 36 450.0 
17 657.7 24 763.5 37 436.1 
18 649.1 25 759.9 38 422.1 
19 640.5 26 756.1 39 407.8 
20 631.5 27 752.1 40 393.5 
21 622.2 28 747.6 41 378.1 
42 362.7 
TABLE VI. A\=2474.21A 2-4 band. 
K P K R K P K R 
2 40,377.2 1 40, 391.5 25 40,190.3 
3 372.9 2 394.6 26 178.0 30 f40, 336.3 
4 368.0 3 397.1 27 165.4 \ 335.3 
5 362.9 4 399.1 28 152.6 
6 357.5 5 401.0 29 139.4 31 32° .4 
7 351.5 — — 30 125.9 
8 345.5 13 403.0 31 111.9 32 322.6 
9 339.1 14 401.8 32 97.6 321.3 
10 332.6 15 400.2 33 82.8 
11 325.2 16 398.1 33 314.8 
12 317.7 17 395.8 34 (67:0 
13 310.0 18 393.3 67.0 34 (308.8 
14 301.9 19 390.3 305.8 
15 293.6 20 386.9 35 52.7 
16 284.7 21 383.3 $1.2 
17 275.7 22 379.2 
18 266.2 23 375.3 36 {37.0 
19 256.5 24 370.1 \34.4 
20 246.0 25 365.1 
21 235.6 26 359.7 37 {79:2 
22 224.8 27 353.7 19.2 
23 213.5 28 347.7 
24 202.0 29 341.1 38 {4:5 
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TABLE VII. \=2607.16A 2-5 band. 
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K P K R K P K R 
7 38,290.4 28 38,105.9 33. = 38, 270.6 
8 284.6 13. 38,343.9 29 93.6 34 263.6 
9 278.5 14 343.3 30 81.4 35 256.3 
10 272.0 15 342.1 31 68.6 36 248.5 
11 265.3 16 340.9 32 55.5 37 240.7 
12 258.4 17 339.2 33 42.3 38 232.3 
13 251.1 18 337.3 34 28.4 39 223.5 
14 243.5 19 335.0 35 14.4 40 214.5 
15 235.5 20 332.5 36 0.2 41 205.1 
16 227.4 21 329.8 37. —- 37, 985.5 42 195.5 
17 218.9 22 326.6 38 970.7 (double) 
18 210.1 23 323.1 39 955.4 
19 201.1 24 319.1 
20 191.7 25 315.1 40 939.7 
21 182.0 26 310.8 938.8 
22 172.1 27 306.0 
23 161.7 28 301.0 41 {923.9 
24 151.4 29 295 .6 \922.7 
25 140.4 30 289.9 
26 129.1 31 283.7 42 907.3 
27 117.8 32 277.3 
890.9 
43 {389.2 
TABLE VIII. A\=2504.48A 3-5 band. 
K P K R K P K R 
9 39,852.0 12 39.914.6 21 39,745.1 
10 845.1 13 913.5 22 733.9 94 (39, 876.5 
11 838.0 14 911.9 \ 875.4 
12 830.1 15 909.9 
13 822.2 16 907.5 23 725.7 
14 813.8 17 904.8 724.4 95 oe 
15 805.2 18 901.6 ° 869.2 
16 795.8 19 898.2 
17 786.7 20 894.3 26 (865.1 
18 776.6 21 890.1 \863.3 
19 766.5 22 885.7 
20 756.0 23 881.2 07 (858.8 
\857.0 
TABLE IX. \=2638.72A 3-6 band. 
K P K R K P K R 
9 37,821.6 13. 37, 844.5 23 + 37,700.5 27 = 37, 839.2 
10 815.2 14 883.4 24 689.5 28 833.6 
11 808.0 15 881.9 25 678.4 29 827.6 
12 800.7 16 880.1 26 666.0 30 820.9 
13 793.3 17 878.1 27 654.0 31 813.9 
14 785.5 18 875.8 28 642.1 32 807.0 
15 777.5 19 873.1 29 629.1 33 799.2 
16 768.8 20 870.0 30 616.3 34 791.8 
17 760.0 21 866.8 31 602.9 35 783.6 
18 751.0 22 863.1 32 589.1 36 774.7 
19 741.5 23 858.9 one ans 37 766.1 
20 731.7 24 854.5 36 (?) 467.5 (double) 
21 721.7 25 849.6 
2 11.4 26 844.6 450.2 
37 (?) (409.2 
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TABLE X. A\=2672.31A 4-37 band. 
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K P K R K P K 
2 37 , 383.8 2 37 ,400.9 17 37 , 283.4 23 37,377 
3 379.4 3 403.1 18 274.0 24 372 
4 375.1 4 404.9 19 264.3 25 366 
5 369.9 5 407.0 20 254.1 26 361 
6 364.7 — — 21 243.7 27 355 
7 358.9 13 407.6 22 232.8 28 384 
8 353.1 14 406.0 23 221.7 29 341 
9 346.5 15 404.2 24 210.1 30 334 
10 339.9 16 401.9 25 198.0 31 326 
11 332.9 17 399.6 26 186.1 32 319 
12 325.5 18 396.8 27 174.0 33 310 
13 317.8 19 393.6 28 160.8 
14 309.7 20 389.9 29 147.4 
15 301.2 21 385.9 30 133.6 
16 292.3 22 381.5 31 119.9 
TABLE XI. Upper state combinations. R(K)—P(K). 
v | O 0 1 1 1 2 2 3 3 | 
v” 1 2 2 3 4 4 5 5 6 
K 
1 10.4 10.7 10.9 
2 17.4 rua 17.8 17.9 17.4 
3 25.0 24.8 25.1 24.6 24.2 
4 32.3 31.8 31.7 31.6 31.1 
5 39.3 39.1 38.9 38.6 38.1 
6 46.4 46.2 45.6 
7 53.4 $2.5 
12 87.6 84.5 
13 94.7 93.0 92.8 91.3 91.2 
14 | 103.6 101.6 99.8 99.8 98.1 97.8 
15 | 110.3 108.6 108.4 106.6 106.6 | 104.6 104.4 
16 | 117.6 115.4 115.1 113.3 $23.5 | $11.7 111.3 
17 | 124.7 124.7 | 122.5 122.6 122.1] 120.1 120.2 | 118.1 118.1 
18 | 131.8 131.9 | 129.4 129.6 129.3 | 127.1 127.2 | 125.0 124.8 
19 | 138.7 139.0 | 136.5 136.8 136.2 | 133.7 134.0 | 131.7 131.6 
20 | 145.9 145.9 | 143.5 143.5 143.1 | 140.9 140.8 | 138.4 138.3 
21 | 153.1 152.7 | 150.6 150.2 150.1 | 147.8 147.8 | 145.0 145.2 
22 | 160.0 160.0 | 157.5 156.9 156.8 | 154.5 154.5 | 151.9 151.6 
23 | 167.1 167.0 | 164.2 164.3 163.6 | 161.8 161.3 158.5 
24 | 174.0 174.2 | 170.8 171.2 170.6 | 168.1 167.7 165.0 
25 | 181.2 181.2 | 177.5 177.6 178.9 | 174.8 174.7 171.2 
26 | 188.2 188.1 | 185.0 184.7 184.4 | 181.6 181.7 178.6 
27 | 195.0 195.2 | 191.6 191.6 191.0 | 188.3 188.2 185.1 
28 | 202.0 202.2 | 198.1 198.9 197.6 | 195.1 195.1 191.5 
29 | 209.4 209.1 | 205.2 205.2 204.8 | 201.7 202.0 198.5 
30 | 216.1 216.2 | 212.3 211.0 211.6 | 209.5 208.5 204.6 
31 | 222.8 222.8 218.1 215.1 211.1 
32 | 229.6 229.6 ye 221.8 217.9 
33 | 236.6 236.1 232.9 228.4 
34 239.6 235.2 
35 245.3 242.0 
36 252.4 248.3 
37 259.9 255.2 
38 265.7 262.6 
39 272.2 268.2 
40 278.4 
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TABLE XII. Lower state combinations. R(K —1)—P(K+1). 
































v’ 0 0 1 1 1 2 2 3 3 4 
vy” 1 2 2 3 4 4 5 5 6 7 
K 

1 12.0? 

2 19.4 19.0 19.7?) 18.8 18.6 

3 26.8 | 26.8 27.1 26.5 26.6 25.9 
4) 35.1 34.6 34.8 | 33.8 34.2 33.2 
5 | 43.0 | 42.4 42.0 | 41.7 41.6 40.2 
6| 50.7 | 50.3 49.7} 49.2 49.6 48.2 
7| 58.4] 57.6 56.6 

8 | 66.1 64.2 

13 104.1 100.8 

14 111.9 109.4 | 108.4 108.2 | 107.5 | 106.4 
15 | 120.8 119.3 117.0 | 115.9 116.1 | 114.6 | 113.7 
16 | 128.5 127.1 | 125.6 124.5 | 123.2 123.2 | 121.9 | 120.8 
17 | 136.3 134.7 | 133.4 131.9 | 130.7 130.9 | 129.1 | 128.0 
18 | 144.1 | 142.7. 142.5 | 141.3 | 139.3 139.2 | 138.1 138.3 | 136.6 | 135.3 
19 | 151.7 | 150.3 150.1 | 149.0 | 146.9 147.3 | 145.6 145.7 | 144.1 | 142.6 
20 | 159.2 | 157.8 157.8 | 156.5 | 154.5 154.7 | 153.0 153.1 | 151.5 | 149.8 
21 | 167.2 | 165.7 =165.6 | 163.7 | 161.9 162.1 | 160.4 160.4 | 158.6 | 157.2 
22 | 175.0 | 173.1 9173.5 | 171.5 | 169.3 169.9 | 168.1 166.4 | 164.2 
23 | 182.7 | 180.8 181.2 | 179.0 | 176.6 177.2 | 175.2 173.6 | 171.3 
24 | 190.5 | 188.4 188.3 | 186.2 | 185.6 185.0 | 182.7 180.5 | 179.0 
25 | 198.0 | 196.2 195.9 | 194.0 | 191.8 192.1 | 190.0 188.5 | 185.9 
26 | 205.6 | 203.9 203.2 | 201.7 | 198.9 199.7 | 197.2 195.5 | 192.8 
27 | 213.3 | 211.1 211.2 | 209.4 | 206.1 207.0 | 204.9 202.5 | 200.3 
28 | 221.1 | 218.8 218.7 | 216.2 | 213.8 214.3 | 212.4 210.1 | 207.6 
29 | 228.6 | 226.8 225.9 | 223.3 | 221.0 221.9 | 219.6 217.3 | 214.8 
30 | 236.6 | 234.0 228.3 229.2 | 227.0 224.7 | 221.8 
31 | 243.9 | 241.7 236.1 234.3 231.8 

32 | 251.3 | 249.2 243 .3 241.4 
33 | 259.2 | 256.5 250.7 248.9 
34 257.8 256.3 
35 265.1 263.4 
36 272.8 270.8 
37 280.4 277.8 
38 288.2 285.3 
39 294.2 
40 301.9 
41 309.2 








The Tables I to X contain the measurements. The accuracy is +0.1 cm~'. 
Most of the band lines appear single (the bands are composed of P and R 
branches as is usual for the case 72—>*). Only lines with high rotational quan- 
tum numbers show an increasing broadening and in some cases also splittings 
could be observed. Unfortunately (but naturally) the broadening or splitting 
causes a more rapid decrease of the intensity and so only a few doublets 
could be measured. Besides that, the dispersion and resolution of the grating 
used in the region of these bands allows one to observe doublets only when 
the separation is larger than 0.5 cm (in the third order) or 1 cm (in the 
second order). Considering these facts, not much can be said about the mag- 
nitude of the p-type doubling of the *= terms. It may be pointed out that 
while in most of the bands the doubling starts with rotational quantum num- 
bers about 30 to 34, in the 1-4 band (A=2577.7A) no doublings were ob- 
served until rotational quantum numbers 40 to 42, while on the other hand 
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in the 3-5 band (A =2504.5A) the lines P(23) and R(24) already show rela- 
tively large doublings (1.3 cm~! width). Within the above stated and not very 
high observational accuracy no definite perturbations in the doublets could 
be observed, although the doublet widths increase not very regularly with the 
rotational quantum numbers. 

The K numbering of the lines is given by the combination-differences 
listed in Tables XI and XII on the basis of the formula: 


Ao.T’(K) = R(K) — P(K) = 4B’(K + 3) 
and 
AT" (K) = R(K — 1) — P(K +1) = 4B’'(K + }). 


For calculating the B’ and B’’ values only lines without observable splittings 
were used. The B’ and B”’ constants vary in the usual way with the vibra- 
tional quantum numbers v’ and v’’. We find: 


v'= 0 1 2 3 4 
B’=1.77 1.73 1.70 1.66 1.63 and 
v's 1 2 3 4 5 6 7 
B’’=1.92 1.91 1.88 1.86 1.84 1.83 1.81 
In using these values, on the basis of the well-known formula B,=B,.—a(v 
+3), and with the reduced mass 11.4 10~-*4 grams for the CO molecule the 
following constants were obtained: 
upper lower _ state 
*2 25 
By 1.77 1.94 Xcm"! 
B, 1.778 1.954 Xcm"™ 
Qa 0.032 0.019 Xcm" 
IT. 15.56 14.16 X10 °gem? 
Vs 1.168 1.114 X10-*cm. 


The writer wishes to express his thanks to Professor Robert S. Mulliken, 
who suggested the work above. 
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A Quantum Mechanics Treatment of the Water Molecule 


By ALBERT SPRAGUE COOLIDGE 
Harvard University 


(Received August 8, 1932) 


The perturbation method of Heitler and London has been applied to study the 
interaction of the atoms in the water molecule. For a preliminary calculation an 
arbitrary internuclear distance has been assumed, and no ionic wave function has 
been considered. The calculated binding energy, 3.5 volts, is too small, as was to be 
expected. An analysis of the sources of this energy in various types of resonance or 
electron interchange is developed, and the results compared with Slater's simplified 
model. Methods for the evaluation of electron reactions involving three centers are 
described, including a possible alternative for the customary Neumann method, ap- 
plicable to two-center problems. Formulas for products of bi-axial surface harmonics 
and their integrals are given. 


INTRODUCTION 


HE present work was undertaken in order to investigate by an actual 

calculation the extent to which the chemical binding in a triatomic mole- 
cule can be referred to the overlapping of particular electron orbits, and to 
see to what degree the energy is affected by the reactions of atoms which are 
adjacent but not in chemical combination according to current doctrines of 
valence. The calculation of the reactions between electrons associated with 
three atomic centers proved very laborious. In order to reduce within practi- 
cal limits the amount of computation, it has been necessary to confine the 
investigation to certain predetermined configurations of the nuclei. Assuming 
the oxygen atom at the center of a system of rectangular coordinates, the 
hydrogen atoms are supposed to lie in the X Y plane, in approximately the 
directions of the X and Y axes respectively, and at equal distances from the 
center. This distance has been taken as 2 ay, in close agreement with Debye’s! 
estimate, 1.07 X10-§ cm. The method of computation permitted variation in 
the distance between the hydrogen atoms without excessive labor, and three 
distances have been computed: 2.5, 2.828, and 3 ay. The corresponding molec- 
ular angles (between the lines joining the oxygen to the two hydrogen nuclei) 
are 77°22’, 90°, and 97°11’. (It is assumed that these lines make equal angles 
with the X and Y axes respectively.) In defining wave functions we require, 
in addition to the rectangular coordinates, the radial distances r, s, t, meas- 
ured respectively from the oxygen, the X hydrogen, and the Y hydrogen 
nucleus. 

The oxygen atom has been represented as a nucleus of charge 6, surrounded 
by six electrons of the L shell, two in s orbits and four in p orbits. To each 
hydrogen atom a single electron has been assigned. Covalent bonds are sup- 
posed to result from the interaction of these electrons, in a manner depending 


1 Debye, Polar Molecules, p. 73. 
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upon the various possible methods of assigning spins. A general discussion of 
a similar but simpler model has been given by Slater.” 


CHOICE OF WAVE FUNCTIONS 


Four stages in the working-up of an approximate molecular wave function 
exist, and may well be defined at the outset. First, elementary functions for 
single electrons are selected. Second, products of these are combined in the 
manner of a determinant to form simple functions for all the electrons. Third, 
certain intermediate linear combinations of these simple functions are formed 
for the purpose of facilitating the solution of the secular equation. Fourth 
and last, a final function is constructed as another linear combination of the 
gimple functions, with such coefficients as will give the minimum energy. 
This last step cannot, of course, be taken until the secular equation has been 
set up and solved so as to determine the coefficients. The minimum energy, 
obtained from the final function, will be already known, since it comes out of 
the secular equation; nevertheless, it will be instructive to find the final func- 
tion and compute the energy over it, in order to see how the different electron 
reactions contribute to the total value. 

Zener® has given formulas for the best simple analytical elementary wave 
functions which can be used as a basis for a perturbation calculation of atom- 
ic energies. For 2s and 2 electrons, respectively, they may be written 


r™*-1(1 — ar )e-*"Sy and r"*-!e-*"$), 


where S, and S; represent surface harmonics of order 0 and 1. For oxygen, the 
best value of 2* is 2, of 6, 2.24, while a is negligibly small. As has been shown 
by Pauling‘ and by Slater®”* it is advantageous in molecular problems to choose 
real surface harmonics, of which one has a maximum orientated along the line 
of each chemical bond. For the hydrogen electrons, the simple normal atomic 
orbits were assumed. The normalized elementary functions chosen for the 
computation are 


Yo = (88/3n) re; Ya = (68/n) "se, 
V2 = (8/r)'2xe*"; py = (85/m)'/2ye-*r; 
ve = (I/n)et Uy = (I/n) et 


It will be seen that they are all orthogonal except the following pairs: 0&, on, 
xt, yn, &n, xn, y&; the last two pairs approach orthogonality as the molecular 
angle approaches 90°. For 6, the round value 9/4 was adopted. 

Following Slater, we select six simple functions for all the electrons, which 
have the same unperturbed energy, and which cannot combine with any 
other functions of the same energy when the molecular angle is just 90°. With 
other angles, combinations with other functions become possible; but these 


2 J.C. Slater, Phys. Rev. 38, 1109 (1931). 

3 Clarence Zener, Phys. Rev. 36, 51 (1930). 

‘ Linus Pauling, J. Am. Chem. Soc. 53, 1367 (1931). 
5 J.C. Slater, Phys. Rev. 37, 481 (1931). 
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combinations become rapidly smaller as the angle approaches 90°, and are 
neglected here. Each simple function is the sum of 8! terms which may be 
derived by systematic permutations of the electrons among a definite set of 
orbits, and may be represented by the symbols characteristic of those orbits. 
The two possible spins may conveniently be designated by the presence or 
absence of an overline. Thus, we have 


vi = O2Ef0zEn; Yo = OFEHozrY; 
vs = OZ EEos yn; Ws = OZ HOzxE; 
Vs = OFEFosxn, Wo=dEEHOSEY. 

Slater shows that the lowest energy is to be found from some combination 
of two intermediate functions: A =} [yityvetvst+v¥e]; C=} [yi tvetvsty: |]. 
These do not combine with any of the other four possible independent linear 
combinations of the simple functions. The final function is ¥; =a@A +cC, where 
a and ¢ are to be chosen with regard to normalization, and so as to satisfy 
simultaneously the equations 


a(Haa —_ Aga) + c(Hac —_ hAac) = 0, 
a( Hac = NAac) + (Hee 7 NAcc) = 0. 


Here H4,4, 444, etc., are the matrix components of the energy operator 
and of unity over the intermediate functions, and J is the lower solution of the 
secular equation 


Haas — Asa Hac — Asc 
Hac — Sac Hee — Ace 


The values found for the quantities A, a, and c, may be anticipated: 


Molecular angle 77°22’ 90° 97°11’ 
a 1.106 1.082 1.074 
c 0.076 0.083 0.087 
nN — 18.4976 — 18.5133 — 18.5150 


The subsequent analysis may be somewhat clarified by adopting a differ- 
ent representation of the intermediate and final wave functions. Each of the 
8! terms in a simple function can be expressed as the product of two factors, 
of which one contains only functions of space coordinates, and the other deter- 
mines the spin. In every one of the other five simple functions may be found a 
term with the same space factor, but a different spin factor. Any linear com- 
bination of simple functions can therefore be made up in the form of 8! terms 
derivable by permutation from a typical term in which the space factor is of 
the same simple form as in the simple functions, but the spin is specified by a 
more complicated factor, involving in general non-integral coefficients. 


MATRIX ELEMENTS 


Let us examine the construction of the matrix elements of the total energy 
operator, or of unity, over a pair of functions (possibly identical) which may 



















































192 ALBERT SPRAGUE COOLIDGE 


be either simple, intermediate, or final. As is well known, it is sufficient to con- 
sider only the 8! terms obtained by selecting a single typical term from one of 
the pair of functions involved, applying the appropriate operator, and multi- 
plying this in turn with each term of the other function. Since we do not 
consider the interaction between spin and orbital motion, we can separate 
each resulting term into a space factor and a spin factor. 

The space factors will be the same in all classes of matrix elements, and 
will be characterized by the types of orbit exchange involved. Since the orbits 
to which the electrons are assigned are always selected from the same list (in- 
sofar as the space parts are concerned), the two assignments involved are re- 
lated to each other by a certain scheme of permutation which we call an ex- 
change. Thus, suppose that the typical term of one wave function has the 
space factor, 0)22%3&40;267s, (the subscripts referring to definite electrons), 
and that in the other wave function occurs a term with the assignment 
£12203%40526¥7s. Then we may say that electrons 1, 4, and 3, respectively, make 
the transitions o£, £-x, and x—0, while the others are stationary; we shall 
represent this exchange by the symbol [oéx]. Similarly, an exchange system 
like o—2, s—0, £7, n—£, will be denoted by [oz:&y]. The contribution from 
each exchange will be called an exchange element. The great majority of the 
8! such elements in each matrix component will be found to vanish because of 
orthogonality between exchanging orbits, or for reasons of symmetry, and 
many of the surviving elements are equal in magnitude. Their computation 
will not be extensively discussed except in regard to certain features peculiar 
to the three-nucleus problem, to be taken up later. 

The exchange elements of unity will be called exchange factors. Thus the 
exchange [of] produces the factor (o0£)*(én), where (o£) = fd Voz, (En) 
= [dVpy,. These integrals are well known. 

The exchange elements of the energy will be called exchange integrals, or 
gross exchange integrals when we wish to distinguish them from certain other 
quantities, to be discussed later, which arise from certain terms only in the 
operator, and correspond to what is ordinarily meant by the term exchange 
integral. In computing them, the total energy operator is used, including nu- 
clear repulsions, kinetic energy of electrons, and reactions between each elec- 
tron and all other electrons and nuclei. There will be in general 63 terms in 
each exchange integral, and the formulas are too cumbersome to warrant re- 
production here. 

We must now consider the part played by the spin factors in the matrix 
elements. This is simplest in the case of elements over the simple functions, 
where each orbit is associated with a definite spin. When the typical term of 
one function is combined with any particular term of the other, the resulting 
spin factor will be unity in case the spin of each electron is the same in both 
terms; otherwise it will be zero. Upon grouping together those exchange ele- 
ments of identical value, we can represent the complete matrix element as a 
sum of typical exchange elements, each multiplied by an integral occurrence 
number, showing how many permutations produce an exchange of the given 
type with no changes of spin. (Of course, attention must be paid to the sign 
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with which each permutation occurs.) We shall see that it is convenient to 
represent the matrix elements over intermediate and final functions in a 
similar way, with the difference that the spin factors, and hence the occur- 
rence numbers, attached to each of the exchange elements, will no longer be 
integral. 

In order to determine the occurrence numbers for the simple functions, 
the following scheme was adopted. It depends upon the fact that all exchange 
elements vanish for exchanges involving more than two transitions between 
orthogonal orbits. First, a systematic list was made of all the permutations of 
each simple function which do not involve any electron in a change of spin 
as compared with a selected typical term. This list consists of 24 permutations 
among the 4 electrons of one spin, any one of which may be combined with 
any one of the 24 permutations among the other 4 electrons. In constructing 
the exchange list for a given matrix element involving this function with a 
second, a typical term was selected from the second function such that when 
it was combined with the typical term of the first function, no orthogonal 
transitions occurred. The 23 remaining permutations among one spin group 
of the first function were now compared with the typical term of the second, 
and the exchange types noted. The process was repeated for the other spin 
group. Many of the exchanges could be thrown out as involving more than 
two orthogonal transitions; while the number involving less than two was 
quite small. It was now easy to see which pairs of permutations, one from 
each spin group, could occur simultaneously without producing more than 
two orthogonal transitions, and the corresponding exchanges were added to 
the list. Finally a catalog of all exchange types was drawn up, and in it was 
entered the number of times that an exchange of each type was found to occur 
in each simple matrix element. These numbers are evidently the occurrence 
numbers of the preceding paragraph. The intermediate and final matrix ele- 
ments are simple linear combinations of the simple elements. Upon making 
the corresponding linear combinations among the occurrence numbers for any 
particular exchange, we shall evidently get the occurrence number for that 
exchange in the intermediate or final matrix element. (Naturally, this cannot 
be done for the final function until the coefficients a and c are known.) 

The above may be illustrated by reproducing a portion of the table show- 
ing the values of the exchange elements and occurrence numbers for certain 
combinations of functions. (The values are for 97° molecular angle.) 


Exchange Exchange Exchange occurrence number in combinations of 
type factor integral vv. Vivo vs AA AC vrs 
{ ] 1.000 —17.7135 1 0 1 1 0.5 1.2554 
[xy] 0 0.0475 -—3 0 —2 —2.5 —2 —3.2791 
[xz] 0.1072 — 1.9876 0 0 —2 2 1 2.4878 
[oEn] 0.0724 —1.3514 2 0 0 1 2 1.5368 
[xéyn] 0.0001 —0.0009 0 -2 0 -1 —2 —1.5368 


The products of the exchange factors or integrals with their occurrence 
numbers will be called exchange contributions to the given matrix element. 
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TOTAL AND BINDING ENERGY 


The matrix of the total energy operator over the final function gives, of 
course, the energy of the molecule referred not to separated normal atoms, 
but to atoms stripped of all electrons except the two in the K shell of oxygen. 
It will be enormously greater (absolutely) than the molecular binding energy, 
and the unavoidable errors in its calculation will make it useless to try to get 
the binding energy by subtracting the true energy of the separate atoms. The 
question arises whether we can automatically separate out some sort of con- 
stant atomic energy, and construct a perturbation operator which will give 
the binding energy directly. In the case of the simple hydrogen molecule, this 
is readily accomplished. The total operator, as applied to a single permuta- 
tion with electrons in designated orbits, can be represented as the sum of an 
atomic and a molecular part. Since the unperturbed functions are solutions of 
Schrédinger’s equation, the effect of the atomic part of the operator is simply 
to multiply by a constant, the atomic energy. If the final function is normal- 
ized, the sum of the corresponding terms in the exchange contributions must 
be just the atomic energy. Therefore, to find the binding energy, these terms 
need not even be calculated. The remaining terms in the operator can be 
considered as a perturbation operator, and their matrix element over the 
final function will be the required energy. 

In the present case, we are prevented from doing exactly this by two cir- 
cumstances. One is that we have not started with accurate solutions of 
Schrédinger’s equation, and the other is that not all the functions involved 
represent the normal state of the separated atoms. If we allow the nuclei to 
separate, we find that, of our original functions, y; and Y. each produces one 
of the coincident levels of the lowest state of the oxygen atom, a *P state. 
The remaining four do not remain separate, but 2-*(W3+wWs;) and 2-?(W4+wWe) 
produce two more of the same levels, while 2-}(W;—y;) and 2-3(W;—wWe) give 
levels of a higher 'D state. Even if we had accurate atomic functions for 
the different levels, the atomic terms in the operator would not produce a 
constant. 

The difficulty can be partly overcome as follows. It will be readily seen 
that if we pay proper attention to normalization, we can find all the matrix 
elements equally well if, instead of choosing a single permutation of one of the 
functions with which to operate, we should choose any combination of per- 
mutations. Let us denote with y,,” one single permutation from the function 
Wm, and with y,,* the sum of all those permutations which assign, let us say, 
the first six electrons to one or another of the oxygen orbits, the 7th to the X 
hydrogen atom, and the 8th to the Y atom. Then a given matrix element can 
be found from 2, + /dV~."J/y,*. Now we can write JJ =H,°+/1,', where 
H,° includes all the terms in the operator which connect the first six electrons 
with the oxygen nucleus or with each other, and the 7th and 8th, respectively, 
with the X and Y hydrogen nuclei. We may call this the atomic operator, and 
the remainder, J/,’, the molecular or perturbation operator. If now we may 
assume that the oxygen wave functions with which we started are true solu- 
tions of Schrédinger’s equation, then the result of applying the atomic opera- 
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tor to these functions is just to multiply them by one of two constants which 
correspond to these two oxygen atom levels. Denoting with E® the ground 
energy, or mean of the two levels, plus the normal energy of two hydrogen 
atoms, and with e the difference of either level from the mean, we may then 


write 
Hy, Yi* = EWi* + ehi* 
Hy W2* = E'2* + efo* 
Ha"(s* + Vs") = EWs* + ENs* + bs* + obs" 
Hy (ba + ¥o*) = EMs* + EMe* + obs® + obs® 
Hy%(Us* — Ys") = EYs* — EYs* — ebs* + ebs* 
: Hy (ws* - Wo") = EYW,* — EY.* — ey ,* + ef* 
whence 


Hes" = EWs* + ebs* 
Has = EW + ee 
Hy%s* = ENs* + os" 
Hy %o* = EWe* + obs". 


Upon adding these equations in suitable proportions to produce the final 
function, and applying the whole operator, we get 


Hy,;* = EW;* + Hy'bs* + of ,*, 


where 


Ve = 20001 + v2 + os + va) + 2c + 2 + 5 +e) = aC + cA. 


Hence 
f verns = Bs f ave" = [ avertes* a cf avery". 


The first integral on the right of this equation is the perturbation exchange 
integral corresponding to the group of exchanges represented by comparing 
the single permutation y" with the group of permutations y*; they have alla 
single type of interatomic exchange, and differ only in permutations among 
the oxygen electrons. 

Actually, we cannot expect the equation to hold exactly, because we have 
not accurate unperturbed wave functions. But if in place of the perturbation 
exchange integrals we introduce quantities which will satisfy the equation 
when the other integrals are actually calculated, then these quantities ought 
to be approximately equal to the perturbation exchange integrals: and upon 
adding the equations corresponding to all the permutations m, we see that the 
sum of these approximations must be equal to the difference between the 
molecular energy and the ground energy, except for the small term €dy,, 
which can be readily calculated. However, it is simpler and nearly as satis- 
factory to take simply the form /dVy,"Hy,;*— E° fd V;"p;* as the “net ex- 
change integral,” for these integrals must add directly to give H;;—E°, the 
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perturbation energy of the molecule with reference to the “ground state,” or 
imaginary state characterized by the ground energy. To get the actual bind- 
ing energy we must subtract e, which we may regard as the perturbation 
energy of the free atoms referred to the same ground state. 

Upon analysis, it turns out that E° is just H33 or Hs; evaluated for the 
separated atoms, while ¢€ is the negative of the exchange integral [xy]. The 
values are —18.3392 and —0.0475. The resulting binding energy for 97° 
molecular angle is 0.1282. It is very interesting to see how this is made up of 
contributions from the various exchanges. Table I shows both gross and net 


TABLE I. Composition of molecular energy, 97°. 





























Exchange Gross Net Exchange Gross Net 
type contribution contribution type contribution contribution 
] on] 

oz] — 23.2995 —0.2772 ofn:oz] —2.1540 —0.1112 

xy] otn:xy] 

o§] ztn] 

of:0z] +9 .8696 +0.2937 xtn] —0.1257 —0.0178 

o&:xy] xtn:oz] 

xt] xin: ys] 

xt:o2] —5.1021 —0.2104 oton] 

xt: yz] etc. J +0.1672 +0.0271 

ye] [otoxn] —0.0453 —0.0453 

yé:oz] —0.0681 —0.0755 etc. 

yt:xz] [o£:on] —0.4765 —0.0158 

zt] etc. 

ox] [xt:0n] +1.0867 +0 .0693 

oye] etc. { 

ozé] [xé:ym] —0.2844 —0.0198 

xzé] +0.1138 +0.1138 etc. 

yzé] miscellaneous 

xyé] small terms +0.0086 +0.0102 

oxo§] 

oyo§] Total —18.5150 —0.1757 

En] Atomic energy — 18.3867 

En:02] > +1.7949 +0 .0833 “s" —0.0475 

Enixy] . 
Binding energy 0.1283 0.1282 











exchange contributions. In the interest of clarity, the number of entries is 
reduced by grouping together exchanges which involve the same interatomic 
transitions, differing only by transitions among the oxygen orbits; certain 
other exchanges producing small contributions are also grouped. We may try 
to correlate the net contributions with the familiar Coulomb and exchange 
integrals in Heitler and London’s treatment of the Hz molecule. The first 
value, —0.2772, is to be regarded as the Coulomb contribution, for it involves 
no interatomic electron transitions. The second value, 0.2937, which nearly 
cancels the first, is the repulsion due to the exchange between the hydrogen 
and the oxygen 2s electrons. The third, —0.2104, which is roughly equal to 
the total molecular energy, because of cancellation among the other terms, is 
the expected binding energy between the hydrogen electrons and the 2 elec- 
trons of oxygen which are most favorably situated. The sixth term, 0.0833, 
represents repulsion between the two hydrogen electrons, and is somewhat 
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more than offset by the next one, —0.1112, arising from a cyclical exchange 
among three electrons. It is interesting that this term is by no means negligi- 
ble. The remaining terms need not be discussed: they are small and cancel 
out extensively. 

The fact that in order to produce the lowest molecular energy, we must 
take the simple functions in different proportions from those which give sta- 
ble separated atoms, may be interpreted as indicating that the oxygen orbits 
are distorted on combination with hydrogen. It is interesting to see what in- 
crease in the internal energy of the oxygen atom accompanies this distortion. 
For this purpose we have only to compute the perturbation energy for infinite 
separation, using the simple functions in the proportions found for the mo- 
lecular problem. This turns out to be just «A;, = —0.0290. The internal energy 
increase is, then, e(Ay,—1)=0.0185. The difference is due entirely to the 
contributions from the [xy] exchange, which (for separate atoms) enters with 
an occurrence number —0.6122 as against —1 in the most stable state. 


DISCUSSION 


Upon multiplying the calculated binding energy for 97°, 0.1282, by the 
factor 27.08, we obtain in volts the result 3.5. The actual energy is about 10 
volts, so that the result, while of the right order of magnitude, is much too 
small. A part of the error may be attributed to the failure to select the most 
favorable interatomic distance, but the greater portion is doubtless due to the 
omission of any wave functions of an ionic character. Pauling® shows that the 
energy of the water molecule is considerably greater than that which would 
be expected to be produced by a nonpolar binding such as assumed in this 
calculation, so that the result is perhaps about what one would expect. It is 
hoped to attempt to improve the calculation by taking ionic states into 
account. 


Note added in proof: This expectation has been realized. The ionic func- 

tion used is J =}(¥7+Ws+wWot+ io), where 
7 EVozxn Ws = O2Xjosxy 
Yo = O2%fosty Yio = 02 fosxy. 

This combines with the functions A and C, and with no other inter- 
mediate functions. For 97° molecular angle, the minimum energy is obtained 
from the final function (normalized) 0.7827A +0.0773C+0.3403/7, and is 
— 18.5975. The corresponding binding energy is 5.7 volts. The effect of 
varying the molecular angle is approximately the same as before. 


A comparison of the results for the three angles indicates that, in agree- 
ment with the ideas of Slater, the hydrogen atoms are nearly at right angles, 
being forced slightly apart by mutual repulsion. The equilibrium angle is ap- 
parently about 95°. 

It is interesting to compare the results of this calculation with Slater’s 
analysis. The basis of comparison is rendered somewhat doubtful by his 


6 Linus Pauling, Lectures at Massachusetts Institute of Technology (1932). 
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introduction of many simplifying assumptions. Slater neglects the presence 
of the o and z electrons entirely. We must therefore subtract out energy terms 
arising from their mutual influence, and must lump together their reactions 
on the hydrogen particles with those of the oxygen nucleus. This is taken care 
of in calculating the net exchange integrals by groups, as already explained. 
The next assumption is more difficult to deal with, for it seems in principle 
inconsistent. Slater assumes that all the elementary wave functions are or- 
thogonal, so that normalization may be neglected, and the only exchange in- 
tegrals surviving will be those involving just two electrons. He states that 
these integrals will be of the nature of that occurring in the hydrogen mole- 
cule problem, and will be independent of the presence of electrons not 
involved in the transition. Now, it is precisely because the wave functions are 
not orthogonal that molecular exchange integrals are negative, and lead to 
binding in the case of wave functions whose symmetry brings them in with 
positive occurrence numbers. When the functions are not orthogonal, there 
arise terms expressing the reaction of the exchanging electrons on the other 
electrons and nuclei, and while in any neutral molecule these tend to cancel 
out, the cancellation is by no means exact. Thus, the net exchange integral 
from the transition [7], calculated for two hydrogen atoms at the distance 
2.8 in the absence of the oxygen atom, comes out —1.3 volts. When the oxy- 
gen atom is introduced the value increases to — 3.1 volts. A comparison of the 
exchange integrals as calculated for 90° molecular angle with the values 
assumed by Slater follows. 


Exchange Slater Coolidge 
[xy] 1 volt 1.3 volts 
[xé] —5 —2.3 
[xn] —1 +0.6 
[En] —0.8 —3.1 


Slater’s value for [x] was chosen essentially ad hoc, in order to get the 
right energy for the O/T molecule, which is about half that of HxO. Now, this 
energy also is probably largely ionic in character, so that it is not to be ex- 
pected that a calculation of this kind should give more than a fraction of the 
observed value. Slater’s estimate is therefore without doubt too high. It is 
certain that [xn] should be positive, because of orthogonality. Finally, we 
may reasonably expect [£7 | to be larger than [xt] because the wave functions 
overlap more, as is shown by the fact that the factor (&y) is greater than that 
(x). This is due to partial cancellation between the parts of Y, which have 
opposite sign. 

Slater predicts that the coefficient c will be much smaller than a, so that 
the wave function A alone will be a good approximation, and will give a better 
approximation for the energy. This prediction is seen to be verified. The 
energy over the normalized function A is — 18.5133. 


METHOD OF COMPUTATION 


In computing the matrix elements, the only novel problem was the evalu- 
ation of those terms involving orbits or nuclei of all three atoms. These may 
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express the electrostatic attraction between a nucleus and an electron which 
makes a transition between orbits of the other two atoms, or the repulsion 
between two transition electrons. These terms may be symbolized as ab/A 
and ab/cd, respectively, where small letters refer to orbits, capitals to nuclei, 
and the line / indicates eléctrostatic reaction. The case that a and b are £ and 
n, and A the oxygen nucleus, was solved by setting up, with the aid of ellip- 
soidal harmonics, a general expression for the potential field of the £y transi- 
tion electron, and evaluating at the origin. In all other three-atom cases, it 
was necessary to express the orbits — and 7 in the form of series, each term 
being the product of a radial function and a surface harmonic, the center be- 
ing the oxygen nucleus and the pole being the line of centers of the oxygen 
and the appropriate hydrogen nuclei. It was also found useful to have similar 
expansions for the products of the hydrogen orbits with the cosines of certain 
angles, namely, those which are characteristic of the 2p oxygen orbits. 

Now, in the above symbolic representations, let a always be an oxygen 
orbit, while 5, c, and d, may be any orbits. a may contain a surface harmonic 
factor of order 0 or 1, and the product ab may always be expressed as a radial 
function times a surface harmonic, or a series of such products. By means of 
the theory of harmonic potentials, the potential of this electric distribution 
may be calculated at any point, and will involve the same harmonic factor. 
The value at the position of the nucleus A gives at once the term ab/A, and 
to find ab/cd the potential of ab must be multiplied by cd and integrated. 
For this purpose cd can be expressed in terms each of which is a radial func- 
tion multiplied by an angle factor which may be a harmonic or a product of 
two harmonics. Where 0 is also an oxygen orbit, it was found convenient to 
absorb the cosine factors (if any) which are found in the potential of ad, 
into the product cd before expansion, thus avoiding products of three har- 
monics. 

Accordingly, the required terms are those giving the electrostatic action 
of two distributions of the form F(r)S, and J(r)S,'S,’’. This is given by the 
expression E,,(F, J) X fdwS,S.'S,’’, where the integration is over all angles, 
and 


E,(F,J) = [4x/(2n + 1) | f Jnmvdr f Fendr+ f Jar f Fr-sar| 
0 0 0 r 


The application of this formula is complicated by the fact that the radial fac- 
tors occurring in the harmonic expansions have different analytical expres- 
sions over different ranges of r. Generally one of the harmonics can be re- 
duced to unity. 

It will be noted that the two-atom “Neumann” integrals which are so 
troublesome with unsymmetrical atoms may be evaluated by this method, 
and have been so done, since the radial functions required are the same as 
for the three-atom integrals. Thus, the integrals o£ /o& and of/on differ only 
that in the former, we get products of coaxial harmonics, while in the latter 
the axes are different. In integrals of this class the series converges quite well. 
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Furry and Barlett’ report using this method with success, in connection with 
the beryllium molecule. With other classes of integrals convergence is less 
rapid. Here a valuable aid was furnished by the fact that when the two hydro- 
gen nuclei coincide the integrals become easily calculable by ellipsoidal co- 
ordinates; the higher terms in the harmonic series ‘can easily be estimated so 
that the result converges upon this known limit when the appropriate angle 
factors are introduced. 


DEFINITE INTEGRALS 


A number of definite integrals, which occur repeatedly in the course of 
the work, can well be defined and discussed together. In the following defini- 
tions, it is assumed that a@ and £ are positive, and that R is positive except as 
otherwise noted. These restrictions are not always essential: they correspond 
to the cases actually occurring in the present work, and no attempt was made 
to find the most general conditions for the validity of the formulas used. 

We define 


R 
G,(R, a) = f A"e-dr, (n = 0) 
0 


ie} 


A,(R, a) = f A"e-“dd, (Either ” or R, but not both, may be negative.) 
R 


+R 
B,(R, a) = f A"e-*dr, (n = 0) 
-R 


R 
Wam(R: a, B) = f A"e G,, (A, B)dA, (n = — 1, m = O, @ or B may vanish.) 
0 
R 
- I Ae, (R, @) — Gad, a) Jar, 
0 


R 
Unm(R: a, B) = f A*e-A (A, B)GA = (m!/B"*)G,(R, a) — Wan(R: a, B), 
0 


i) 


Vam(R: a, B) = f A"e-7A (A, B)dA,(—- OE KL NK w,— 0 <Cm< ©, Rmay 
R 


vanish. ) 


foo 


= f Ame [A,(R, @) — An(d, a) Jad 


i) 


Tan(R: a, B) = f Ae Gnd, B)dd = (m!/B"™)A,(R, &) — Vam(R: @, 8). 
R 


The last four integrals represent [{x"e~**y"e~8¥dxdy extended over various 
domains as indicated in Fig. 1. 


7 W.H. Furry and J. H. Barlett, Jr., Phys. Rev. 38, 210 (1932). 
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Y 











Fig. 1. 


Recurrence relations are easily discovered by partial integration, and 
serve, with some special formulas, to calculate tables of the integrals. 








G,(R, a) = - trGyalR, a) — Re-2? | (n > 0) (1) 
: : (- 1)" 
=— p~aR a’Rutetl . 1’ 
: 2X 0 (N+ a+ 1)ol(v — o)! (") 
= [1/(n + 1) }laGayi(R, a) + Ree] (1’”) 
1 
G(R, a) = —[1 — ea? | (2) 
A,(R, a) = - ipo + nA,1(R, @) | (3) 
1 (3’) 
= QA nit ,a)— n+lp—aR 
- il Anyi(R, a) — R"tle-2R] 
1 
B,(R, a) = —[R"((— 1)"er® — e-#®) + nB,_1(R, a) (4) 


Wam(R: a, B) = (1/a) [Gnym(R, a + 8B) — Re-**’Gn(R,B) + NW y1,m(R: a, B)] (5) 

= (1/8) [MW m—(R: a, B) — Gaim(R,a+8)] (m>0)  (5’) 
Wno(R: a, B) = (1/8) (G(R, a) — G,(R, a + B)] (6) 
W_i.0(R:a,8) = 1/8[log (« + 8) — log a + E,(— aR) — E;(—(a@ + B)R)] (7) 


Wnm(R:0,8) = [1/(m + 1)][R"*'G,(R, B) — Gmyngi(R, B)] (nm 2 0) (8) 

W_10(R:0,8) = (1/8) [log R + log 8 + C — Ex(— BR)] (9) 

Vam(R:a, 8) = (1/a)[Re-*®A n(R, B) — Amyn(R, & + 8B) + Vp_1,m(R: a, 8) ](10) 
= [1/(m + 1)][Amyngi(R, @ + 8) 

— R+¢e-eR4 ,.(R, B) + aVnzi,m(R: a, B)| (10’) 

= (1/8) [Angm(R, @ + B) + mV yn. m—i(R: a, 8) | (10’) 

= [— 1/(m + 1)] [Angmyr(R, @ + B) — BVn.myi(R: a, B)]. (10) 


To get (1’), we put e7~™ =e-*” Xe*®™), and expand in powers of R—X. 
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Formula (7) is obtained by writing 
R 
W_1,0(R: a, 8) = lim (¢ > 0) f A-le-Go(r, B)dr 


= lim(1/8) [Ei(—(a+8)e)—Ei(—ac)— E,(—(a+8)R)+E(—aR) | 
C + log| ac| — ac + }(ac)? — --- 
0.57721. 


Ey — ac) 
C 


A similar reduction gives (9). 

In calculating, we first prepared tables of G, taking the first values from 
(2) and applying (1) to advance n. Successive application of (1) leads at 
first to an increase in the number of significant figures in the result; but as n 
increases, the accuracy of the result degenerates, owing to increasing cancella- 
tion in the subtraction, and the higher values are unreliable. However, Eq. 
(1’) converges rapidly for sufficiently large n, and when it has been used to 
calculate one value of G, (1°’) can be used to compute successively lower 
values of with increasing accuracy. From the G table, the W table can be 
readily prepared, noting the special formula (6) required when m=0. 

The B table can be constructed directly from (4). For the A table, (3) 
works successfully for zero or positive n, and (3’) for negative nm when once 
the value for n= —1 is known. Now, A_i(R, a) = —E;(—aR); but the series 
for the integral logarithm converges very slowly, the application of (3’) for 
the first few negative values of  ieads to serious degeneration of accuracy, 
and a sufficiently good value of E;(—a@R) is very laborious to compute. A 
more rapid and at the same time self-proving method is as follows: When the 
positive part of the table is computed and ratios of successive pairs of A’s 
compared, they are found to change slowly and regularly. It is therefore easy 
to make an extrapolation downwards and estimate the values of A for the 
first two or three negative m’s. From the estimates, (3’) is used to continue 
down to the lowest » required, or to an 1 so low that the use of(3’) for still 
lower n’s will not compromise the accuracy. When now the ratios are com- 
pared, it will generally be found that they no longer proceed regularly, but 
show fluctuations increasing in violence as the lowest ” is approached. From 
the character of these fluctuations, it is simple to estimate the error in the 
lowest A, caused partly by the extrapolation and partly by the application of 
the recurrence relation. After a few trials, a value of the lowest A can be 
constructed such that when the table is built up from it by (3), (which gives 
increasing accuracy when used in this direction) the ratio differences are per- 
fectly regular. These values may be confidently accepted, as the method is 
remarkably sensitive. 

A similar method has been used in computing the V table. A value of V 
for the lowest required m and m was found by trial and error, aided by extrap- 
olation, such that the rest of the table could be constructed by advancing 
n and m with the aid of (10) and (10’’), with regularly increasing ratios in 
both cases. Evidently this provides a method of evaluating integrals of the 
form /A"E;(—ad)e~*dX which are commonly found by graphical methods. 
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SURFACE HARMONICS 


We need two systems of harmonics with their poles lying respectively in 
the directions of the two hydrogen atoms. We may define them in terms of 
the angles @,, ¢:, and 6,, dy, associated with the two axes, @ as usual being 
the polar angle and ¢ the azimuth, its zero lying in the direction of the Z-axis 
in each case. Let 


X,7 = P,(cos 02), Y,” = P,(cos 0,), 
X,” = P,\(cos@,) sing:, Y,* = — P,}(cos 6,) sin dy, 
X,? = P,'(cos6@,) cos¢z, YV,7 = P,'(cos 6,) cos dy. 


We need to know the integral over all angles of certain products of two 
or three of these harmonics. With two harmonics the integral vanishes unless 
both are of the same order. In this case the only ones which do not vanish are 


[ eoxexe = fare 
f dox,X," = f dexexe = [erere 


4n/(2n + 1) (11) 





2 1 
~ [ eorery = _— z a (12) 
(2n + 1) 
f dwX,7V," = [4 (2n + 1) |P,.(a) (13) 


[40/(2n+1)[(P,""(a) — a(d/da)(aP,,'(a)) |(14) 


[ exons 
{ dwX,7Y,? 
ff exere 


Here a is the cosine of the molecular angle, y. P,,’(a@) and P,,.”(a) are de- 
rivatives of P,,(a@) with respect to a. These formulas may all be derived from 
the equation* 


[40/(2n + 1)]P,,"(a) (15) 


f doxore = [4n/(2n + 1)|P,%(a). (16) 


F = (1/4n)2(2m + 1) i) dwF P,,(u). (17) 


Here F is a function of position on the surface of unit sphere, u is the 
cosine of polar angles with reference to an arbitrary pole, and F is the 
average value of F taken around a small circle enclosing the pole, which will 
be equal to F at the pole if F is continuous there. If F=S,, any surface har- 


8 Jeans, Electricity and Magnetism, Ch. VIII Eq. (146). 
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monic of degree m, the summation reduces to the single term in n. Of the 
integral product formulas, (11) and (12) are well known, while (13) and (16) 
result directly from (17) on substituting Y,” or Y,* for F and taking the 
X-axis as pole. For (14) and (15), it is necessary to have an equation analogous 
to (17) involving the associated harmonics. This may be found by means of 
a partial integration thus: 











2n+1 2m+1 
[aas.P.8W) cos @ = Lm f 45.P tw) cos @ 
4a T 
2m + 1 ; 

= Tn ——— | doS, cos ¢ sin OP,’ (u) 

4r 
(18) 

2m + 1 0 F 

= — Ya— i cos $P»(u)—(S,, sin 9) 

4r Ou 








= — cos ¢ (0/du)(S, sin 0) = cos o(S,/0 + AS,,/08), 


since in the neighborhood of the pole, cos @=1 and sin 6=@. We shall be 
able to express S, near the pole in the form 


S, = A+ Bécos¢. (19) 


Upon multiplication with cos @ and averaging around a small circle, the 
constant term vanishes, and there remains 





cos $(S,/0 + 0S,/00) = B. (20) 


To derive (15), we take S, equal to Y,?, select the X-axis as pole, and note 
that near the X-axis 


Y,? = cos ¢, sin 0,P,'(cos (y — 0,sin@z)) = cos ¢,9,P,'(a) 


plus higher powers of @,. This in connection with (18) and (20) gives (15). 
To derive (14), we must replace cos @ by sin @ throughout (18), (19), and 
(20). It is convenient to take S, = Y,7= —sin dy2»W~» sin m6,. Near the X- 
axis this becomes equal to 


LmW m sin m(y — 6,sin dz) = UmW»,(sin my — mO, sind, cos my). 


Application of (18) and (20) gives [(2n+1)/4m]/dwY,7X .”= —Z,mW-» cos 
my. In order to show that this is identical with (14), it is only necessary to 
write P,,’(a) =(1/sin y)2mWm sin my and perform the indicated differentia- 
tions. 

Where products of three harmonics must be integrated, two of the har- 
monics will necessarily have a common pole. The product of these two can 
always be expressed as a sum of single harmonics, and the preceding formulas 
then used to integrate the product of this sum with the third harmonic. Form- 
ulas for the products of two coaxial harmonics are given below. Their deriva- 
tion is tedious but not difficult, and may be omitted. 


P,P, = [n/(2n + 1)] Pai + [(n + 1)/(2n + 1)] Pasi 
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3n(n — 1) n(n + 1) 3(n + 1)(m + 2) 
~ 2(2m—1)\(2n+1) "| (n—1(2n+ > 2(2n-+1)(2n+3) "*> 
5(n — 2)(n — 1)nP,_3 3(n — 1)n(m + 1) Pa 
~ 2m — 3)(Qn — Dn + 1) 22m — 3)(Qn + Qn +3) 
3n(n + 1)(m + 2) Pasi 5( n+ 1)(nm + 2)(n + 3)Pazs 
2(2n — 1)(2n+1)(2n+ 5) 2(2m + 1)(2n + 3)(2n + 5) 
35(n — 3)(n — 2)(m — 1)nP,_4 5(m — 2)(m — 1)n(m + 1) Pr 
~ 8(2n — 5)(2m — 3)(2m — 1)(2m+1) | 2(2m — 5)(2n — 1)(2m + 1)(2n + 3) 
O(n — 1)n(n + 1)(n + 2)P, 5n(n + 1)(n + 2)(m + 3)Prse 
4(2n — 3)(2n—1)(2n+3)(2n+5) 2(2n—1)(2n+1)(2n+3)(2n+7) 
35(n + 1)(n + 2)(n + 3)(n + 4) Pasa 
8(2n + 1)(2n + 3)(2n + 5)(2n + 7) 
63(n — 4)(n — 3)(n — 2)(n — 1)nP,_s 
8(2n — 7)(2n — 5)(2n — 3)(2m — 1)(2m + 1) 
35(n — 3)(m — 2)(m — 1)n(n + 1)Pr_3 
8(2n — 7)(2n — 3)(2n — 1)(2n + 1)(2n + 3) 
15(m — 2)(m — 1)n(m + 1)(m + 2)P,-1 
4(2n — 5)(2n — 3)(2n + 1)(2n + 3)(2n + 5) 
15(m — 1)n(m + 1)(m + 2)(n + 3)Pagi 
4(2n — 3)(2n — 1)(2n + 1)(2n + 5)(2n + 7) 
35n(n + 1)(m + 2)(n + 3)(m + 4) Pass 
8(2n — 1)(2n + 1)(2n + 3)(2n + 5)(2n + 9) 
63(n + 1)(m + 2)(n + 3)(m + 4)(m + 5) Pais 
8(2n + 1)(2n + 3)(2n + 5)(2n + 7)(2n + 9) . 
P!P, = P'ngi/(2n + 1) — P'y_1/(2n + 1) 


PoP, 











PP, 














P,P, 















































pitt 3(n + 1)Plnse 3P,! _ 3nP',,_2 
wiih (2n + 1)(2n +3) (2n —1)(2n +3) (2n — 1)(2n + 1) 
PAP. = 15(n + 1)(m + 2)P ass 3n(n + 7) Plast 
2(2n + 1)(2n + 3)(2n + 5) 2(2n — 1)(2n + 1)(2n + 5) 
3(n — 6)(m + 1)Phy-1 15(m — 1)nP',_3 
7 2(2n — 3)(2n + 1)(2n + 3) 7 2(2n — 3)(2n — 1)(2n + 1) 
PAP, = __35(n + 1)(n + 2)(m + 3) Plaga 


2(2n + 1)(2n + 3)(2n + 5)(2n + 7) 
5n(n + 1)(2n + 13) Plage 
2(2n — 1)(2n + 1)(2n + 3)(2n + 7) 











T 
v 


S», and integrating, the only term, if any, contributing to the result is that 
of order m. It will be seen that, in general, fdwS SoS > vanishes unless 


was introduced into the hydrogen wave function with the idea that it might 
later be wished to investigate the effects of varying this constant. In all the 
numerical work, x was taken equal to unity. 


uw=cos 0,=x/r. Let 


respect to uw, we obtain 


Further, let 
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45(n — 1)(n + 2)P,! 
2(2n — 3)(2n — 1)(2n + 3)(2n + 5) 
5(2n — 11)n(n + 1)P', 2 
2(2n — 5)(2n — 1)(2n + 1)(2n +: 
35(n — 2)(n — 1)nP!,_4 


2(2n — 5)(2n — 3)(2n — 1)(2n + 1) 








we 
wa 





Combinations of two coaxial associated harmonics are not needed. 
Upon multiplying one of the preceding products by any other harmonic 


Bien 
}a—b| =un,n—2,n—4,--:. 


HARMONIC EXPANSIONS OF HYDROGEN ORBITS 


In working out the formulas for these expansions, a screening constant k 


We first seek a representation of e~“ as a function of r and pw, where 


ew = Tr An(r) Pr(u). 


Upon multiplying this equation by [(2n+1)/2]P, and integrating with 


+1 
K,(r) = [(2n + 1), | f cP, (udu. 
—1 


Substitute xs=bv, b=x(2Rr)', c=(R?+7°)/2Rr, v=(c—p)!, du= —2vdv. 


(c+1)1/2 
= i) ve ’dy = A,((¢ — 1)'/?, b) — A,((e + 1)'2, b) (vy always odd). 


c—1)!/2 


Then 
+1 
i) wre**du = 2[e"T; — nc" "Ts _ [12( 12 — 1), 2! Je *T; —_ s+ « |. 
= 

Since the surface harmonics are power series in uw, we readily find 

= Ty 

= 3(cT, — T3) 

(5/2)(3c?T, — 6cT3 + 37; — T)) 

(7/2)(Se°T, — 15c?T3 + 15cTs — 577 — 3c7, + 373) 
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K, = (9/8)(35c*T, — 140c°73 + 210c?T; — 140cT7 + 357, — 30c?T, + 60cT; 
— 307; + 3T7;) 
Ks = (11/8)(637; — 315c4Ts + 630c°T; — 630c?T7 + 315¢T, — 63711 


— 70c°T, + 210c?T; — 210cT; + 7077 + 15cT, — 1573). 


_ 


When 7r<R we find b(c+1)'=x(R+tpr), 





ek —_ 
= (2«2Rr) et /2 URelsr) [(— 1)re*r — =] 
with 
v—T y! 
R,, = : > ~~ (KR) 
o=0 tla! 


When these values are substituted we find expressions for K,(r), valid 
over the range 0<r<R, of the general form 
= 2n+ 1 
K, = (~ I) 2®— 
(kR)"+! 


— X(v odd) K,, cosh (xr) (xr)-"—1] 





[=(v even) K,, sinh (xr) (xr)°-"— 


(21) 


in which the K,, are constants, for which the general formulas were not de- 
veloped. In the particular case that R=2, x=1, their values were found by 
substituting the appropriate values for R,, to find 7, numerically. The ex- 
pressions proved awkward for computation, because they involve negative 
powers of r which become infinite at the origin, and while it can be shown 
that the differences always remain finite, the integrals required in the later 
stages of the calculation come out as small differences between huge numbers. 
It proved much more practicable to throw the K, into the form of infinite 
series in positive powers of r, by expressing sinh 7 and cosh r in the ordinary 
power series, substituting in (21), and collecting the coefficients. All powers 
of ry smaller than the mth were then found to cancel out, and also alternate 
powers above the mth, leaving 


K,(r) = (2n + 1)e-* YoK "ri, 


j=n (22) 


where the «;" exist only for even positive or zero values of j7—m. As expres- 
sions of this type will repeatedly occur, it will be convenient to omit the ex- 
pression of the limits of summation, and understand that it extends over all 
existing values of the coefficients. It should be noted that «;" has no connec- 
tion with the former screening constant x, which has been dropped out, and 
that the superscript ” is not the index of a power, but shows the order of 
the surface harmonic in whose coefficient it occurs. A table of the first few 
values found for x;" will serve to show the rapidity of convergence: 
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j n=0 n=1 n=2 n=3 

0 1.000000 

1 0.333333 

2 0.000000 0.100000 

3 —0.016667 0.030952 
4 —0.008333 — 0.008333 

5 —0.002381 —0.003373 
6 — 0.000397 —0.000661 


For values of r greater than R, we must take b(c+1)!=x(r+R), giving 


es 





rn 


y = 
(W2Rr)ervI2 & 
with 


Alte A 


v! 
pw = (kR)’*-#[(— 1)"-*-*%e"R _— eR] | 
0 Tv» —7r— a)! 





Numerical values of p,, are readily found by observing that p,,=(?) 
(xR)’-"**1B,_,(1, «R), where (%) represents a binomial coefficient. With the 
T, so evaluated, we obtain for K,(r) expressions, valid over the range 
R<r<©, of the form 


K,(r) = (2n + 1)e7"Dkj"r- (23) 


where the coefficients k;" exist for all values of 7 between 0 and n+1. For 
R=2, x=1, the following values were found: 


j n=0 n=1 n=2 n=3 

0 1.81343 0.97438 0.35186 0.09474 
1 — 1.94876 —0.70371 0.16237 0.24371 
2 —0.70371 —0.56845 0.04114 
3 —0.56845 —0.60771 
4 —0.60771 


The factor 27+1 was left in explicitly, because it cancels out in most 
of the later integrations. 

No special proof of the convergence of this representation of e~** as a 
series of harmonic terms was attempted. The electron reaction terms calcu- 
lated by its use were compared, in certain two-nuclei cases, with the values 
obtained by ordinary methods, and found in complete agreement, which was 
regarded as sufficient proof of the validity of the method. 

In addition to the fundamental expansion of e~**, it was found useful 
to have similar expansions for cos 6,e~** and sin 6,e~**. These were readily 
found as follows. 


Let cos 6,e-**=>,L.,(r)P,(p); 
then, as before, Ly, = [(2n+1)/2 | f_itwe"*P,, (u) du; 
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now, uP (uw) = [1/(2n+1) ](mPn—1(u) +(n +1) Pragi(u)) ; 
hence, Ly= [n/(2n—1) |Kn-1+ [(n+1)/(2n4+3) ]K nai. 
By comparing coefficients of corresponding powers of r, we obtain 


L,(r) = (2n + 1)e-® °d,"ri for 0 <r < R and 
i 

L,(r) = (Qn + 1)e" dh jr-i for R <r < ©, with 
i 


(20 + 1)A3" = Kj" + (nm + 1)K;"*); (2n + 1)1;" = nk + (nm + 1k. 
For sin 0,e-*“* we get a simple expansion in terms of associated functions 


P,). Assume sin 62¢~** =) n-1° M,,(r) Pn'(u)dy. 
On muitipling by P,'(u) and integrating, we find 


+1 
M,, = [(2n + 1)/2n(n + 1)] (1 — p?)'/2e-**P Mu)du. 
—1 


Substituting (1—p)!P,™(u) =(1—p*)(d/du) P»(u) =n [Pr_i(u) —vP (nu) |, 
we obtain 











1 2n+ 1 1 : 1 
M, | Ky-1 = L, = Ky-1 — — Rost. 
n+1L2n—1 2n —1 2n+ 3 


M,(r) (2n + 1)e-® dour! for0 <r< Rand 
2 


M,(r) 


(2n + 1)e-" om;"r-i for R< r < @ 
i 


(20 + 1)mj" = xj") — «jt; (20 + 1)m;" = kj — ;"*". 


The coefficients x;", k;" were computed for values of m up to 4, permitting 
the calculation of A;", 1;", and y;", m;" up ton=3. 

I wish to express sincere thanks to Professors E. C. Kemble and J. C. 
Slater, under whose advice and encouragement this work was carried out, 
and to Mr. H. M. James for painstaking verification of formulas and com- 
putations. 
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On the Vibrations of Polyatomic Molecules 


By N. RosEN AND Puitip M. Morse 
Massachusetts Institute of Technology 


(Received August 17, 1932) 


An exact solution of the wave equation is found for a form of one-dimensional 
potential energy which may be of use in discussing polyatomic molecular vibrational 
energies. An example of its use is given in an analysis of the vibration of the nitrogen 
in the ammonia molecule. The potential energy for this atom has two minima a dis- 
tance 2x,, apart, separated by a “hill” of height H. The values of x,, and H are not 
known directly from band spectral data, and are needed for a full analysis of the 
spectrum. By joining two potential curves of the sort dealt with in the first part of 
this paper in a symmetric manner, a curve simulating that for the nitrogen atom in 
ammonia was formed. It was found that for certain values of the constants fixing 
this curve, the allowed vibrational energies were the same as the experimentally deter- 
mined values for ammonia. The corresponding value of x» was 0.38A, and that of H 
was } electron-volt. These values are probably near the correct values of x,, and H for 
ammonia. 


N THE course of the study of polyatomic molecules one encounters poten- 

tial functions of a form considerably different from those used in atomic 
or diatomic molecular problems. A perturbation method using any of the 
usual exact solutions of the Schrédinger equation would usually involve per- 
turbation energies too large to give good results. 

One method of obviating this difficulty is the use of the Wentzel-Kramers- 
Brillouin method. Another is to develop new exact solutions of the wave 
equation for potential fields more nearly like those usually encountered in 
polyatomic molecular problems. 

One such exact solution, for a potential field with two minima,! has already 
been developed. Another solution, for a different form of potential field is 
described in this paper, and an example of its application to the vibrational 
states of NH; is given. 


THE Exact SOLUTION 
The potential field? which is amenable of exact solution is 
V(x) = B tanh (x/d) — C sech 2(x/d). (1) 


If |B | <2C this potential has a minimum value at x» = —tanh—(B/2C). The 
second derivative at this point is 


(d2V /dx?) »-2, 


(1/8d?C*)(4C? — B?)? (2) 
and 
V(xo) = — (4C? + B*)/4C. 


1 Morse and Stueckelberg, Helv. Phys. Acta 4, 337 (1931). 
2 The continuous energy spectrum for a potential field somewhat like this has been dis- 
cussed by Eckart, Phys. Rev. 35, 1303 (1930). 
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The wave equation for such a potential is 
d*y/dz* + (— e — B tanhz + y sech?z)y = 0 (3) 
where z=x/d, and (e, 8B, y) =(8x?Md*/h?)(—E, B, C). E is the allowed 


energy of the system. Now set ~=e**-cosh~°s- F(z). The equation becomes 
F” + 2(a — b tanh z)F’ + [y — (6 + 1)] sech*z-F = 0 
and y/ F is finite in the range — © <z< ~, if 
a= — 3[(e +8) — (¢— 8)'4] and b= Ble +8)" + (e—A)] (4) 


where both square roots are taken as positive quantities. 
Now let w= }(1+tanh z). The equation for Fin terms of u is 


u(i— uF" + [a+b +1 — 2(b4+ 1)ulF’ + [y — (64+ 1)]/F =0. (5) 
The solution of this equation which remains finite at «=0 is the hypergeo- 
metric function 


thins F( [6+ 2—(yv th") 6+ 4+ (v +) a+541; u). 


This series approaches infinity* in the same manner as exp[2(b—a)z| as u 
approaches unity, unless b+}—(y+1/4)"” is a negative integer. In this case 
the function is a Jacobi polynomial. Therefore y will not be finite everywhere 
unless 


b= (y+})'2#-—n—-}. (6a) 
Referring to Eq. (4) we see that the other constant a becomes 
a = — B/[(4y + 1)! — 2n — 1)]. (6b) 
The allowed values of the energy E are 
— E, = (h?/8x%?Md?)(a? + 6?) 
= 4[(4C + g?)"? — g(2m + 1)]? + BY/[(4C + gp)? — g(2n + 1)]?. (6c) 


The quantum number # can be zero or any positive integer less than or equal 
to (y+1/4)'?—(8/2)'*—1/2. The constant g? =h*/82? Md’. 
Therefore the solution of the wave Eq. (2) is the wave function 
vy, = N,e*7/4 cosh—(x, or(- n, (4y + 1)'?2? — 2; 
a+b+1;4[/1+ tanh (x/d)]) (7) 
where the values of a and 0 are given in Eqs. (6a) and (6b). The normalizing 


factor is obtained from the following equation 


N, = 1/2°|d-G(a+b+1,6—a—1,2%(y+})'2,a+60+4+1;n)] 


8’ Whittaker and Watson, Modern Analysis, page 299. 
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where 


1 
G(k,\, u,v; ") = 2 f u*(1 — u)(F(— n, w — n; v3 u) |2du 
0 
2n 


2r(~a + 1) Do(— 1)" (Rk +s +1)/T(R+A4+ 54+ 2)]. 


s=0 





. > Té¢+tu-—nr(s—-t+tyu- n)[I'(v)n!]? 7 
r [T(u—n)|2P(t+r)0(strv—d)(n—1'(n+t—s)!t(s—d! 


where the limits of the summation over ¢ are fixed by the factorials. 
The allowed energy levels for a typical form of Eq. (1) are given in Fig. 1. 

















Fig. 1. Allowed energy levels for a potential function of form corresponding to Eq. (1). 


When ¥ is much larger than unity then the allowed values of the energy be- 
come 


En = V(xm) + hao(n + 3) — (h2/8x2Ma2)(1 + 3B2/8C2)(n +3)? +--- (8) 


for small values of m. Here wo is the classical frequency of oscillation about 
the minimum point, x =X». 


wo = (4C? — B*)/4rd(2MC*)'/2, 


APPLICATION TO THE AMMONIA MOLECULE PROBLEM 


An example of the use of these wave functions can be taken from the 
treatment of the vibrations of the ammonia molecule. 

The equilibrium configuration of the ammonia molecule‘ has a pyramidal 
structure with the three hydrogen atoms at the vertices of an equilateral 
triangle for the base, and the nitrogen atom along a perpendicular line 
through the center of the base. Due to the symmetry of the molecule there 
will be two equivalent positions of equilibrium for the nitrogen, at equal dis- 
tances above and below the plane of the hydrogens. This equivalence of the 


4 See the discussion and references given in the article of Dennison and Hardy, Phys. Rev. 
39, 938 (1932). 
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two minima makes every vibrational level a doublet, a result which is found 
experimentally. 

To analyze the vibrational behavior we first separate off the coordinates 
of the center of gravity of the molecule and the Eulerian angles fixing its 
orientation in space, and deal only with the coordinates fixing the relative 
positions of the atoms. One of these coordinates is x, the distance of the nitro- 
gen atom from the plane of the hydrogens. The other five coordinates, 21, 22, 
3, 24, 25, can be chosen that the positions of the two equilibrium configura- 
tions are at = --- =2,=0, x= +x,. The potential function V(x, 2, 22, 23, 
24, 25) therefore has its two minima at these two points. 

Classically, the problem of small vibrations about either of these minima 
would be straightforward. The potential V near each minima has six mu- 
tually orthogonal principal axes, such that the kinetic energy becomes a sum 
of squares of velocities and the potential energy becomes a sum of squares 
of coordinates. These coordinates, which we can call yo, - - - , ¥s, make upa 
so-called normal set of coordinates: by their means we can separate the prob- 
lem and find the six fundamental modes of vibration. For ammonia, x al- 
most coincides with one of the normal coordinate axes. Classically therefore x 
can be used as one of the normal coordinates with fair accuracy for small 
vibrations. 

This analysis is valid for a classical consideration of small amplitude 
vibrations, but for large amplitudes the concept of normal coordinates is not 
valid; in general the energy equation cannot be separated. Quantum me- 
chanically, the use of normal coordinates for the ammonia problem is never 
valid, for we can never have the equivalent of small vibrations (i.e., have the 
wave function all concentrated near one point) since there must be as much 
of the wave function about one minimum as about the other. 

However, we can justify our use of x as a “normal” coordinate (i.e., our 
approximate splitting off from the general six-dimensional problem a one- 
dimensional problem in x alone) by the following method. 

The general, vibrational equation, in six coordinates, will not be separable; 
but we can say a few things about the wave functions which satisfy it. From 
considerations of symmetry we know that all the wave functions will either 
be symmetric or antisymmetric about the nodal hypersurface x = 0. The func- 
tion for the lowest state will be symmetric, having no nodes at all, and having 
two maxima near the two points x=*xXm, 2.= +--+ =2,;=0. The function for 
the next lowest state will be antisymmetric, its only nodal surface being the 
hypersurface x =0. In fact all the wave functions can be separated into pairs, 
one function in each pair being similar to the other except for the addition of a 
nodal surface at x=0. 

The wave functions for the higher states will have other nodal surfaces 
as well. These surfaces will have quite complicated forms in general, and can- 
not be separated into clear-cut families of surfaces, as can be done in a separa- 
ble problem. Nevertheless we will find that some of our wave functions will 
fall into an easily classified family. These functions will represent states where 
one type of oscillation is excited and the others are not; the nodal surfaces of 
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this family will be a one-parameter set of surfaces which will be orthogonal to 
the x axis. This family of wave functions is the set we wish to study. They will 
only be large near the x axis. Therefore, for these wave functions, we will 
not introduce much error if we consider their variation along the x axis to 
satisfy a one-dimensional wave equation, using for potential field V(x, 0, 0, 0, 
0, 0) (called hereafter V(x) for short), and their corresponding energies to 
be given by the allowed energies of this one-dimensional problem. 

Perhaps we could find other “normal coordinates” in a similar manner. 
In the other cases they might be curvilinear lines joining the two minimum 
points and they would each be tangent to one of the classical normal coordi- 
nates at these points. However, the reasoning is not as clear cut for these 
other cases, and since we do not need them for our problem, we will not digress 
further. 

The problem of the vibrations along the x axis is clear cut and the be- 
havior of the wave functions along the x axis and the corresponding energy 
values can be obtained by solving the wave equation 


d*y/dx* + (8r°M/h?)(W — V(x))y = 0. (9) 


From the discussion above we know that V must have two minima sym- 
metrically placed at x =+x», separated by a potential “hill.” As |x| becomes 
large, V approaches some asymptotic value whose height above the minima 
gives the energy of dissociation of ammonia for this type of vibration. 

In studying the behavior of ammonia it would be very useful to know 
the value of x», the height // of the hill between the minima and the general 
shape of the potential curve. The data for determining these quantities are 
obtained from the analysis of the molecule’s infrared spectrum. Presumably 
by analyzing the rotational structure of the bands one could obtain values of 
the moments of inertia of the molecule about its major axes, and thence ob- 
tain the value of x,,. The moment of inertia about the x axis has been ob- 
tained‘ in this manner, but this alone cannot give us any of the properties of 
V(x). It seems that the best way to determine these properties is to assume a 
form of the potential field and then see whether the values of the vibrational 
energies computed for this field check with the experimentally determined 
levels. This method will not give us a unique answer, particularly since we 
know the values of only a few of the lowest vibrational energies. In general, 
a whole family of curves could be devised whose energy levels check with the 
observed levels. However, we are helped out of this difficulty by our knowl- 
edge of the general shape of V, and so we can rule out many potential forms 
as being unreasonable. From the results to appear later in this paper it seems 
probable that all those potential forms which appear reasonable and which 
check the data differ very little in their essential properties, and all give about 
the same value of x,, and //. If this is actually the case, then thg values of Xm 
and H which are obtained in this paper are fairly close to the correct values. 

A form of potential field which would satisfy our preconceptions of its 
form would be made by joining two potential fields V(x) of the form given in 
Eq. (1) in a symmetric manner. 
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V(x) { B tanh (a/d — k) — Csech? (x/d — k),x 20 
x) = 


10 
— Btanh (x/d + k) — C sech? (x/d + k),x < 0. (10) 


This would make the half distance between minima, x», =kd—tanh—(B/2C). 
The height of the intermediate hill, /7, can also be found. 

It can be shown! that as long as the energy level considered is below the 
top of the intermediate hill the difference between the level for the single 
minimum problem (such as for Eq. (1)), and that for the corresponding 
double minimum problem (such as for Eq. (10)), can be fairly accurately 
given by a perturbation calculation. 

The wave functions for the double minimum problem become 


V,2(x) = K[y,(x — dk) + ¥,(— x — dk)] (11a) 


where the y’s are given in Eq. (7). The constant K is a normalization con- 
stant. The energies become 


Wt = Ep +f [v(x + dk) |?V(x)dx 
a (1b) 
J W(x — dk)V(x)W,(— x — dk)dx. 


This shows that for each level of the one minimum problem there is a pair of 
levels for the double minimum case. 

The actual shift of the center of gravity of the levels, given by the first 
integral, is not particularly important, since its value is small compared to 
the distance between levels for different values of m. But the second integral 
is of importance since twice its value gives the separation between the levels 
in a pair. This separation is small compared to the energy difference between 
different pairs as long as the levels are below the top of the intermediate hill. 

The integral 


AW, = 2 fue — dk)V(x)¥(— x — dk)dx (11c) 


giving the inter-doublet separation can be computed since we know the func- 
tions Wn. 
From Eq. (6c) the separation between the lower two pairs is 


g(4C + 5%)? — g? 














2, <= Ke = 26(C + 92/4)t/8 — 26% — Bt/4 ——— ; 
E, — Ey = 2¢(C + g2/4) + Pe re (12a) 
The inter-pair separations turn out to be 
41'(2b)e—*4* 2C tanh k B 
AW, = _ |———__ -— (12b) 
l(b + a)I(b — a)(2 cosh k)® b+1 b 
21(26 + 2) g = 
AW, = 


T(b + a)I'(b — a)(2 cosh k)® [(2a2 + b)(b + 1)? + a°B(1 + 26)] 
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2 (b+1)2 (b+1)? 2a(b +1 
fac] (“ in _! 2 V tanh t+ OD tanh & (12c) 
b+1 b+2 b+2 


(6 + 1)? ] 





+ ———- tanh* k 
b+ 2 


aa#—b—1 
—B |—— + 2a tanh k + (b + 1) tanh? rt 


where from Eqs. (6a) and (6b) we have 
b = (C/g? + 3)'2 —n—34, a = — B/2¢%. (12d) 


The value of ” for (12b) is zero and that for (12c) is unity. 

The data by which we seek to obtain values for the constants in Eq. (10), 
representing a possible form for the potential field in ammonia are obtained 
from the paper by Dennison and Hardy. They are the separations between 
the two lowest pairs of levels, Ei: — Eo =950 cm™ and the inter-pair separa- 
tions AW) =0.8 cm, AW, = 33 cm“. 

One difficulty is at once apparent, for there are four constants to deter- 
mine in Eq. (10), B, C, d and k, and only three experimental values available 

Vin 
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5000 


2000 











4+ UW 
VV 


“0  -05 0 OoO5 10 
X in Angstrom units. 





Fig. 2. Energy levels and potential function for the nitrogen atom 
in the ammonia molecule. 


to make the fit. It would seem that even for this form of potential there 
would be a whole family of possible curves which would fit the data. This ac- 
tually is true, a range of values of B, C, d and k was found which would fit. 
However this range of values is considerably curtailed if we require that V 
be reasonable in shape; that |B| cannot be greater than 2C, that the second 
level must be below the center hill, and that the hill should not be higher than 
the value of Vatx=~, 

These requirements limit the range of allowed values of C to between 
2200 and 3000 cm~, that of B to between zero and 1000 cm; but that of d 
is between 0.16 and 0.185A and that of k is between 2.24 and 2.20. This means 
that the possible values of x» lie between 0.365 and 0.390A, and those of // lie 


5 Dennison and Uhlenbeck, Phys. Rev. 41, 313 (1932), obtain, by different methods, a 
result in exact agreement with this. 
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between 1950 and 2100 cm-. One of the potential curves for an intermediate 
set of values of the constants is shown in Fig. 2, with its corresponding energy 
levels. 

The fact that all possible forms of potential of the form of Eq. (10) giving 
energy levels which fit the data give values of x,, and H which differ at most 
by eight percent, makes it seem probable that any form of V which would fit 
the data and have a reasonable form would give values of x, near 0.38A and 
of H near 2050 cm~ (a quarter volt). This seems likely, for the value of E; — Ey 
will more or less fix the curvature upward about the two minima, while the 
values of AW, and AW, will more or less fix the curvature downward about 
the central hill and the height of this hill, while the joining of the curves 
about the minima and the curve about the hill will more or less fix xm. 

The value of the dissociation energy V(~*)=V(x,), however, is not 
closely fixed by our data, for it varies from 2200 to 4000 cm. This is to be 
expected, since the energy levels we have used to fix our curves are very 
little effected by a change in the form of V for large values of x. In fact a 
potential curve of the form given by the dotted line in Fig. 2 would have very 
nearly the same values of allowed energies as the curve given by the solid 
line for Eq. (10). For this reason our analysis can tell us nothing about the 
value of the dissociation energy for this type of vibration (except that it can- 
not be less than 2200 cm™!). 

However the value of x» is the important value to be fixed, for a complete 
analysis of the ammonia spectrum requires a knowledge of its value. It seems 
likely that its value should be about 0.38A, which makes the moment of 
inertia about the axis of symmetry 4.41-10-*° gm-cm?.5 The range of possible 
values of x,» introduces in this last result an uncertainty of only about 1 per- 
cent. 
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The Reflection of Atomic Beams from Sodium Chloride Crystals 


By R. M. ZABEL 
Physical Laboratory, State University of Iowa 


(Received August 26, 1932) 


The wave nature of helium, neon, and argon has been investigated by the re- 
flection of beams of these gases from a freshly cleaved surface of sodium chloride. 
Evidence of diffraction was obtained in all cases, it being most pronounced in helium 
and least in argon. Both natural and laboratory grown crystals were used. The 
laboratory grown crystals were cleaved in moist air, dry air, and dry hydrogen. 
Laboratory grown crystals cleaved in dry air or dry hydrogen reflected a greater 
percentage of the incident molecules in the specular and diffracted beams than natural 
crystals or laboratory grown crystals exposed to moist air. The diffraction pattern 
obtained from crystals which had not been exposed to water vapor was produced by 
the spacing between rows of sodium and chlorine ions (1.99A). Crystals which had 
been exposed to water vapor showed evidence of a spacing twice as long as those which 
had not been exposed. 


INTRODUCTION 


T HAS been established for some time that quantum mechanics correctly 

describes the motion of free atoms and molecules. The recent experiments 
of Esterman and Stern! with hydrogen molecules and helium atoms and of 
Johnson’ with hydrogen atoms have shown that both atoms and molecules 
exhibit properties of a wave motion of wave-length \=//mv when reflected 
from the surface of a crystal. 

The present investigation was undertaken first to study the effect of the 
treatment of the surface of the sodium chloride crystal upon the reflection 
obtained and second to study the reflection of neon and argon from sodium 
chloride. 


APPARATUS 


The beam system used in this experiment is similar to one previously 
described‘ but it has been enlarged to permit greater pumping speed. Fig. 1 
shows the arrangement of the crystal and detector in the beam system and 
the important dimensions. A special vertical slit 10.5 mm placed in the 
experimental chamber near the crystal greatly reduces the size of the penum- 
bra of the beam. 

The pressures in the various parts of the beam system are of the same 
order of magnitude as those previously described‘ except that the pressure 
behind the first opening is necessarily somewhat higher because a channel 
is used where a hole in a thin wall had been used in the previous system. The 
pressure in this portion of the apparatus is normally about 6 mm of mercury 
for helium, 2.5 mm for argon and 1.5 mm for neon. 

1 Esterman and Stern, Zeits. f. Physik 61, 95 (1930). 

2 Esterman, Frisch, and Stern, Zeits. f. Physik 73, 348 (1931). 


3 T. H. Johnson, Phys. Rev. 37, 847 (1931). 
4 A. Ellett and R. M. Zabel, Phys. Rev. 37, 1112 (1931). 
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Fig. 2 shows two views of the apparatus which controls the position of 
the detector and crystal. The detector nozzle rotates about the crystal on a 
horizontal axis A perpendicular to the direction of the beam. Its position 
is indicated by the scale B. The crystal holder may be rotated about the beam 
as an axis. The method of producing this rotation is evident by a comparison 
of the two views since the one is taken with a considerably different setting 
than the other. Rotation of the crystal is also possible about the axis CD 
perpendicular to the beam so that the normal to the crystal may be pointed 
in any desired direction. The position of the crystal is indicated by the scales 
E and F. The combined motion of the crystal and gauge makes possible the 
complete study (except for the region between the incident beam and the 
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Fig. 1. The beam system. 
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crystal) of the reflection from a crystal with any desired angle of incidence. 
The crystal holder may also be lowered to permit measurement of the in- 
tensity of the incident beam. The four controls described above are operated 
magnetically by short bars on the end of four concentric tubes G. 

An ionization gauge is used to detect the beam. A diagrammatic sketch 
of the gauge and its connections is shown in Fig. 3. In spite of the small 
size of the gauge, the plate is highly insulated by supporting it entirely from 
its tungsten lead. The Pyrex wall of the gauge is protected from evaporation 
of the filament by the plate itself. The grid is composed of the least number 
of turns which permit the gauge to be operated under normal conditions free 
from Barkhausen oscillations. The gauge is normally operated at 10 m.a. 
electron current as this value has been found experimentally to give the 
best balance between sensitivity and stability of the gauge. The sensitivity 
of the gauge is of the order of 5X10-'° mm of mercury per mm galvanometer 
deflection. The current due to the residual pressure in the experimental 
chamber is balanced out of the galvanometer by the simple circuit shown. 
The current under high-vacuum conditions is approximately 10-7 amperes 
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(corresponding to a pressure of the order of 10-* mm of mercury) and is in- 
creased from 20 to 50 percent when the beam is in operation. The percentage 
increase in current due to the beam depends, of course, upon the kind of gas 
forming the beam and upon the beam intensity. 

Since no attempt is made to compensate for general pressure changes in 
the experimental chamber one might expect considerable difficulty in main- 
taining a steady zero of the galvanometer. Such is not the case, however. 
The zero is checked before and after each reading and the two values nor- 
mally agree within a few percent of the reading. The use of a compensating 
gauge might make the use of a more sensitive current measuring instrument 
feasible. 

The gas used in forming the beam is exhausted by the various pumps 
operating directly on the beam system into a common chamber which is in 
turn pumped out by a set of special diffusion pumps capable of pumping 























psc Lp 


Fig. 3. The ionization gauge. Fig. 4. Relative position of crystal 
and incident beam. 





rapidly against high pressure. This set of pumps exhausts into another cham- 
ber which is connected to the first slit of the beam system so that the gas 
used in forming the beam may be continually circulated. The gas is purified 
as it circulates by passing it through a liquid air trap and a hot cathode misch 
metal arc. A hot cathode is used in the arc because the pressure is frequently 
too low for the satisfactory operation of an ordinary arc. 

The crystals used in these reflection experiments were grown in this 
laboratory by Dr. R. Hancox and the author by the method recently de- 
veloped by Strong.® 

The treatment of the crystal surface after cleaving seems to have a very 
marked influence on the resulting reflection, hence it is discussed in some 
detail. The normal procedure in making a run is to evacuate the system for 
several days, fill it with dry hydrogen or dry air, cleave the crystal in an 
atmosphere of dry hydrogen, dry air, or moist air as desired and place it in 
the apparatus without exposure to any gas except that in which it was 
cleaved. When the crystal is cleaved in a dry atmosphere, the hydrogen or 
air used to fill the apparatus and the chamber in which the crystal is cleaved 
is passed through a long tube filled with P.O; in order to dry it thoroughly. 
A continuous stream of this dry hydrogen or air flows through the cleaving 
chamber in order to carry away any moisture which might accumulate. The 


5 John Strong, Phys. Rev. 36, 1663 (1930). 
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cleaving process is carried on in a large tin box with two holes in the sides to 
permit entrance of the hands and a third hole through which to place the 
crystal into the apparatus. These holes were made gas tight by the use of 
rubber sheeting. Perspiration from the operator’s hands was avoided by 
covering them with rubber gloves during the cleaving process. After cleaving 
the crystal its thickness is measured, a metal sheet is chosen to place under 
the crystal to give the surface the proper height and the crystal and metal 
sheet are mounted on the crystal holder under molybdenum springs. The 
crystal holder is then placed in a beveled groove (see Fig. 2) in the apparatus 
through a ground joint by the aid of a long tweezer. The ground joint is 
sealed by glycolphthalic anhydride resin. An electric heater warms the 
joint so that it may be sealed merely by placing the parts together. Evacua- 
tion is started about thirty seconds after the crystal is cleaved and is complete 
in about fifteen minutes. The crystal is immediately heated to 350°C where 
it is maintained for several hours after which it is cooled to 100° or 150°C 
and is maintained at that temperature while readings are taken. 


DIFFRACTION PATTERNS 


Assuming that the ions in the surface layer of the crystal act as scattering 


points of a grating, the resulting diffraction pattern should be governed by 
the equations 


COS @ — COS a 


hy\/d (1) 
cos B — cos Bo = hod/d (2) 


where a and £ are the angles measured from the principal axes (rows of like 
ions) in the crystal surface. 

Fig. 4 shows the normal position of the crystal with respect to the beam, 
the plane of incidence being parallel and perpendicular to the principal axes 
of the crystal. Eq. (2) then reduces to 


cos B = hed/d. (3) 


The spectra investigated are given by (1) and (3) when 4,= +1 and h.=0 
and when /, =0 and /2= +1. The first type is found in the plane of incidence. 
The second is found by moving the detector along the intersection of the cone 
making a constant angle ao about the x axis (Fig. 4) and a cone making a 
variable angle 6 about the y axis or by moving the crystal and detector to ob- 
tain the same resultant motion. 

In order to determine the position of the detector so that it will be on the 
diffraction cone and the relation between the angle 6 of Eq. (3) and the angle 
6 (taken from the apparatus) through which the crystal is rotated about the 
beam, consider Fig. 5. The axes x and y are parallel to the principal axes in 
the surface of the crystal and z is the crystal normal. The x’ and x axes coin- 
cide, the y’ axis coincides with the incident beam and the 2’ axis completes 
the primed system. With the crystal in this position the specular beam 


6 Sager and Kennedy, Physics 1, 352 (1931). 
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(hi =h2=0) will be observed when the detector is raised 2a» above the nega- 
tive y’ axis. As the crystal is rotated through an angle @ about the incident 
beam (part I, Fig. 5) the x, y and 2’ axes take the positions denoted by 
x’’, y’’ and s’’. The negative y’’ axis will not be in the y’z’ plane defined by 
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Fig. 5. Relations of angle taken from apparatus to 8 of Eq. (3). 


the incident beam and the detector. Its projection in this plane is the line 
indicated as e. The angle which e makes with the negative y’ axis is given by 
the equation 


5 = tan (tan ap cos 8). (4) 


Twice 6 is then the angle, computed for any value of 6, above the negative 
y’ axis at which the detector must be placed in order to be on the cone making 
an angle a with the negative y’’ axis. A relation between 8 and 6 may be 
derived from part II of Fig. 5 as follows: 


cos 8 = b/c, sin@ = b/a, sin 26 = a/c. 


From the above equations cos 8 =sin 26 sin 6. For convenience the angle @ 
will be used hereafter where ¢ = 90 —8. Hence 


@ = sin“ (sin 26 sin @). (5) 


DIFFRACTION IN HELIUM 


Fig. 6 shows the results obtained in the reflection of helium from three 
distinct crystal surfaces. The curves have been plotted in terms of the angle 
¢ where ¢ is determined from 6, the rotation of the crystal, by the aid of 
Eqs. (4) and (5). The crystals were cleaved in an atmosphere of dry hydro- 
gen. There is an increase in the intensity of the specular and diffracted beam 
as well as a shift of the diffraction maxima to larger angles with each succes- 
sive crystal. Crystal (1) was exposed to some water vapor as the operator’s 
hands were not covered with rubber gloves during the cleaving of this crystal. 
Rubber gloves were used in cleaving crystal (2) but it had a poor surface 
which may account for its poor reflection. Crystal (3) was normal both in 
appearance and results. 

The curves in Fig. 6 were taken with a wider set of slits than those speci- 
fied in Fig. 1. All the following helium curves were, however, taken with 
the slits specified in Fig. 1, hence the following curves can not be compared 
with those in Fig. 6. 
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Fig. 7 shows the effect of water vapor on the surface of a crystal. Crystal 
(4) was cleaved in dry hydrogen and curve a was obtained. The crystal was 
then exposed to dry air at a pressure of 10 cm of mercury for several minutes 
after which curve b was obtained. There is no marked difference between the 
two curves. Crystal (5) was cleaved in dry air and its characteristics are as 
good as an ordinary crystal cleaved in dry hydrogen. Crystals (6) and (7) 
were cleaved in wet air (relative humidity 65 percent at 31°C) and both gave 
a very poor specular beam and diffraction pattern. 

Crystal (8) of Fig. 7 was the most satisfactory surface which could be 
found in a large group of natural crystals as judged by the perfection of its 
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Fig. 6. Reflection of helium from sodium Fig. 7. Effect of water vapor on the “re- 
chloride crystals. Notations such as “3000 flecting power” of a crystal surface. 
cm” etc., give the intensity of the incident 
beam. The numbers in parentheses identify 
individual crystals. 


optical reflection. Even this carefully selected crystal was, however, not as 
satisfactory as the laboratory grown crystals either in its reflection of light 
waves or particle waves. 

The present status of the investigation indicates that there is a close 
correlation between the reflection of light waves and particle waves from the 
surface of a crystal. Crystals, either natural or laboratory grown, which give 
the most perfect optical reflection normally give the most intense specular 
beams and diffraction patterns. 

With the slits specified in Fig. 1 the specular beam, if perfectly reflected, 
should reduce to zero at three degrees on either side of the peak. There is 
obviously some diffuseness in the reflection even in the most satisfactory 
crystals. 














Deflection 


p 


Fig. 8. Spectra from rows containing 
both sodium and chlorine ions. 
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Fig. 8 shows the curve obtained by the same relative motion of gauge 
and crystal as previously described with the crystal turned 45° about its 
normal (Fig. 4) so that rows of like ions make an angle of 45° with the plane 
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Fig. 9. Comparison of observed wave- 
length distribution with that calculated 
from Maxwell's distribution law for angles 
of incidence of 20 and 30 degrees. 








of incidence. Any spectra found in this position would be due to rows which 
contain sodium and chlorine ions alternately. Obviously spectra do not arise 


from these rows. 


WAVE-LENGTH DISTRIBUTION 


The distribution in velocity of the molecules in the beam is given by 


Maxwell’s law as 


dI/dv = Ag~™/2KTy3 


(6) 


if the mean free path behind the first opening of the beam system is long 
compared to the diameter of the opening and if collisions along the path of 


the beam are negligible. 


Assuming a wave-length \=h/mv associated with each particle of mass 


m and velocity v Eq. (6) may be written 
dI/dy = (A’e-’’) /y5 
where 


Xo 


The diffraction curves are plotted in terms of ¢ where 


(7) 
h/(2mKT)*!?, (8) 
A= dsing. (9) 


Then 


d\/do = dcos ¢. 






7 
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But 
dI/dp = (dI/dd)(dd/d¢). (11) 

Substituting from (7), (9) and (10) in (11) one obtains, 

A” exp |— do?/d? sin? ¢] cos 


sin’ o 


dI/do = 





(12) 


Fig. 9 compares the intensity distribution obtained experimentally with that 
obtained from Eq. (12) for curves taken at angles of incidence of 20° and 30°. 
It will be noted that at 20° incidence the peak of the diffraction curve is at 
a smaller angle and the intensity of the diffracted beam falls off more rapidly 
with large values of @ than Eq. (12) predicts. This may be expected from 
geometrical consideration since the diffraction cones are nearing the angle 
(20°) where they will no longer intersect. In spite of this disadvantage 20° 
was used as the angle of incidence in almost all the curves because it gave a 
more intense specular beam and diffraction pattern than 30°. 

The experimental and theoretical curves for 30° incidence are in satis- 
factory agreement in view of the fact that the first opening of the beam 
system was a channel and that the mean free path behind the channel was 
short compared to the diameter of the channel. Both the channel and the 
short mean free path might be expected to distort the wave-length distribu- 
tion curve. 

The grating spacing which produces the observed diffraction pattern may 
be determined by differentiating the right side of Eq. (12) setting the result 
equal to zero and solving for d which gives 


2'/2X5 cos do 1 


d= : - (13) 
sin oo (sin? go + 5 cos? go)!/? 





where @o is the value of ¢ at the maximum of the diffraction curve and Xo 
is 0.888A as determined from Eq. (8) when 7=300°K. Table I gives the 
spacings calculated from Eq. (13) for the various crystals used. 


TABLE I. Spacings computed from the crystals investigated. 














Crystal Spacing 

number Note in A 
1 Exposed to water vapor 2.80 
2 2.54 
3 2.28 
+ Before exposure Pe 
4 After exposure 2.22 
4 30° incidence 1.97 
5 Cleaved in dry air 2.28 
6 Cleaved in wet air 2.60 
7 Cleaved in wet air 2.65 
8 2.80 


Natural crystal 
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The possible spacings are the distance between rows of like ions (3.98A) 
or the distance between rows of unlike ions (1.99A). It is evident from the 
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above table that the shorter spacing or second order spectra from the longer 
spacing is predominant in these crystals. The fact that the computed spacings 
at 20° incidence are longer than they should be has been explained in the 
previous discussion. 

Table I shows that crystal surfaces which have been exposed to water 
vapor have a longer spacing than those which have not. Because of the 
width of the velocity distribution in the incident beam two peaks arising 
from spacings of 1.99A and 3.98A would not be resolved. Hence the change 
in spacing may be interpreted as being due to the fact that a portion of the 
crystal surface reflects with a spacing of 3.98A after the crystal has been 
exposed to water vapor. This suggests that on the portion of the surface 
which acquires the new spacing one molecule of water may be collected by 
each sodium ion (union with sodium is assumed because of the affinity of 
sodium for water vapor) in such a way that the water molecules form a 
grating with a periodicity equal to the distance between rows of sodium 
ions. On the other hand, one may assume that heating the crystal removes 
the water vapor and that each molecule of water carries with it some of the 
ions in the crystal surface in a manner analogous to the removal of the sur- 
face when a salt crystal is dissolved in water. The gaps in the crystal surface 
caused by the removal of these ions would produce the observed increase in 
periodicity. 

The latter hypothesis appears more reasonable than the first in view of 
the fact a crystal once exposed to water vapor can be heated to 700°C for 
some time without improving its “reflecting power.” In either case the de- 
creased intensity of the specular beam and diffraction pattern could be ac- 
counted for by the increased roughness of the surface. 

The observed spacing of the natural crystal is also longer than the spacing 
of laboratory grown crystals. Since the best natural crystals which could be 
obtained still showed considerable evidence of strain it is possible that the 
strained condition causes the crystal to cleave imperfectly so that gaps are 
left in the surface. These gaps might give rise to a variety of spacings all 
longer than the fundamental spacing observed in the more perfect surfaces 
so that the tendency would be to shift the curve in the direction of longer 
spacings. This is in agreement with the results of experiment. 


DIFFRACTION IN NEON AND ARGON 


Fig. 10 shows the evidence of diffraction obtained in the case of neon and 
argon. It will be noted that the crystals used have been used previously with 
helium. The reflection is much more diffuse and the specular and diffracted 
beams much less pronounced than in the case of helium. The grating spacing 
corresponding to the maximum of the neon curve is 2.05A and to the maxi- 
mum of the argon curve 3A. The diffraction peak of the argon curve has prob- 
ably been moved toward smaller angles by the rapid decrease in intensity 
of the diffuse specular beam upon which the diffraction peak is superimposed. 

As previously indicated the slits in the apparatus were changed between 
the study of crystal (3) and crystal (4) so that the argon and neon curves are 
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not comparable insofar as the relative intensity of the incident and specular 
beams is concerned. 


SPECTRA IN THE PLANE OF INCIDENCE 


Fig. 11 shows the reflection found in the plane of incidence. The angle 
(a of Eq. (1)) is measured from the plane of the crystal so that the specular 
beam should occur at 20° in each case. The maximum in the case of neon 
and argon is shifted by a considerable amount from the expected position of 
the specular beam. Conclusive evidence of diffraction appears only in the 
case of helium. There is probably, however, a very interesting relation be- 
tween the fact that the diffraction peak in the helium curve appears only on 
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Fig. 10. Diffraction in neon and argon. _ Fig. 11. Curves taken in the plane of incidence. 


the large angle side of the specular beam and the fact that the argon and 
neon curves have a maximum at larger angles than the expected position of 
the specular beam. 

Another point of interest in this connection is the similarity between the 
argon curve of Fig. 11 and curves obtained in the reflection of mercury from 
sodium chloride. Zahl and Ellett’? found in mercury a diffuse directed beam 
which for small angles of incidence has its maximum closer to the normal 
than the expected position of the specular beam. The similarity of the argon 
and mercury curves suggests that they have a common explanation. 

In conclusion the writer wishes to express his appreciation to Professor 
A. Ellett for many helpful suggestions in connection with this investigation. 


7H, A. Zahl and A. Ellett, Phys. Rev. 38, 977 (1931). 
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The Magnitudes of the L Absorption Discontinuities of Gold 


By Frep M. UBER Anp C. G. PATTEN 
Department of Physics, University of California 


(Received July 16, 1932) 


Uniform evaporated films of gold have been used in obtaining values for the 
magnitudes of the L absorption discontinuities and the variations of the absorption 
coefficients with wave-length. The magnitudes of the discontinuities, where the 
scattering is considered as negligible, are 5z;=1.16, 525, =1.39, 5pm: =2.48. These are 
in good agreement with the values obtained for mercury by one of the authors. Several 
comparisons are made with the data of other observers. 


INTRODUCTION AND APPARATUS 


HE results of recent measurements on the L absorption discontinuities of 

mercury by one of us! have suggested the advisability of carrying out 
similar measurements on gold. Improvements over the work of earlier investi- 
gators were sought in the uniformity of the absorbing screens and in the de- 
gree of homogeneity of the x-ray beam. 

The absorbing screens were prepared by the evaporation of gold in the 
following manner. The gold was contained in a V-shaped trough of thin tung- 
sten foil (0.005 cm thick) through which an electric current could be passed. 
Above this trough at a distance of 10 cm, and parallel with it, was a support 
which held several thin microscope cover glasses (22X22 mm). After the 
glasses were thoroughly cleaned, the whole ensemble was placed in a vessel 
to be evacuated. The vacuum was obtained with a diffusion pump and a liq- 
uid air trap. Gold films 0.001 mm thick could be made by this process in 
about two hours. They were free from imperfections and fogging. The glass 
was removed from the gold over an area of 4X15 mm by etching with hydro- 
fluoric acid. The part of the gold film to be used as an absorbing screen, now 
without any glass backing, remained firmly supported and without wrinkles 
on its glass framework. Two such films were sufficient to absorb from one third 
to two thirds of the x-ray beam in the wave-length region investigated. The 
mechanical mounting was such as to allow the same part of the film to be 
reintroduced into the path of the beam as often as desired. 

The slits (each 0.1510 mm) defining the x-ray beam were placed at a 
separation of 35 cm, thus giving an angular width to the beam of 3’ of arc. 
This corresponds to slightly more than 5 x.u. or to a wave-length spread of 
one half of one percent in the center of the group of wave-lengths measured. 
The position of the calcite crystal could be read to 10”’ of arc. The ionization 
chamber, source of high potential, etc., are described in a previous paper.’ 
The ionization currents were measured with a (FP 54 Pliotron) vacuum tube 
amplifier, using the rate of deflection method. As a source of radiation, a line- 


1 Fred M. Uber, Phys. Rev. 38, 217 (1931). 
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focus metal x-ray tube with a tungsten target was employed. The operating 
voltages were below the excitation potentials of wave-lengths which would 
reflect in the second order. In making a few of the observations at long wave- 
lengths, tungsten Z radiation was used. 


METHOD AND RESULTS 


Rates of deflection, alternately with and without the absorber, were meas- 
ured several times for each position of the crystal. The averages of these gave 
values J) and J for each wave-length. The final values used for obtaining the 
points which are plotted in Fig. 1 are the averages for three different films. 
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Fig. 1. The log log Jo/J, log \ curve for a given thickness of the absorber. From left to right 
the three discontinuities are Z1, Ly, and Lin. 


The films were all made at the same time and no detectable difference in their 
thickness was found. A few of the points on the long wave-length side of the 
Ly discontinuity are for one film only. 

From the two well-known equations for x-ray absorption, 4= AX and 
I=I, exp(—px), we obtain, where x is a constant, log w=log (log J»/J)+ 
constant and log log J)/J=constant+c log X. Plotting log log J»/J against 
log \, we secure straight lines whose slopes give us the values for c. Following 
the customary nomenclature, we refer to that part of the curve which lies on 
the short wave-length side of the Z; discontinuity as the L; branch. Similarly, 
the segment of the curve between the Z; and Ly; discontinuities is designated 
as the Ly branch, the segment between the Ly; and Ly;; discontinuities as the 
Lin branch, and the part of the curve on the long wave-length side of the 
Li discontinuity as the M, branch. The slopes of these branches are given 
in Table I along with some data of Backhurst? and Uber! for comparison. 
Due to the small wave-length separation between the LZ; and Ly; discontinui- 
ties, the slope of the Z1; branch cannot be determined with the same precision 
as the others. We consider our value too high for this particular slope. 


2 Ivor Backhurst, Phil. Mag. (7) 7, 353 (1929). 































L ABSORPTION DISCONTINUITIES OF Au 


TABLE I. Values of c for several elements. 











Element Branch of absorption curve Observer 
Ly Li Lin My 
Platinum (78) 2.6 2.6 2.6 2.64 Backhurst? 
Gold (79) 2.91 2.91 2.64 2.61 “ 
2.55 2.94 2.64 2.78 The authors 
Mercury (80) 2.56 2.56 2.59 2.66 Uber! 








The magnitude, 6, of an absorption discontinuity, where the scattered 
radiation is considered as negligible, is defined as the ratio of uw on the short 
and long wave-length sides of an absorption edge. Hence, since x is a constant, 
we have 


log 6, = log (log Io/I),<az — log (log Zo/Z)a>az- 


These values are readily taken from the figure by extrapolating the straight 
lines to the absorption edges. The wave-lengths for the L edges have been 
taken from Sandstrém.* In this manner, we find 
log 61, = 0.066 Oxy = 1.164 
log bin = 0.144 bin = 1.393 
log dry, = 0.3945 S24, = 2.480 
log 6, = 0.6045 6, = 4.02. 
In Table II, we compare these results with other published data. Our value 
of 6z, is definitely lower than that of Backhurst. The magnitudes accredited 
to Kiistner have been interpolated from his graph, since no numerical data 


have been published as yet. His values for 6,, for a number of elements are 
practically the same. 


TABLE II. Magnitudes of the L absorption discontinuities for several elements. 











Platinum 1.25 1.37 2.47 4.26 Backhurst? 
Gold 1.26 1.36 2.53 4.25 - 
1.24 1.39 2.48 4.20 Dauvillier* 
1.16 1.39 2.48 4.02 >The authors 
(1.15) (1.35) (2.45) (3.85) Kiistner® 
Mercury 1.18 1.39 2.45 4.02 Uber! 








Calculating the thickness of our absorption screen from the absorption 
coefficients of Backhurst? for gold, we found it to be 0.00024 cm. Proceeding 
with this value of x, we figured the increases in the mass absorption coeffi- 
cient, u/p, in crossing the absorption edges. They are compared with other 
data in Table III. 

From our data, the absorption per L; electron is seen to be slightly more 
than one half the absorption per Ly; electron. This is in better agreement with 


3 Arne Sandstrém, Zeits. f. Physik 65, 632 (1930). 
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TaBLe III. Increases in u/p at each of the L absorption edges. 











Element Ly Lit Lin Observer 
Platinum (78) 41.0 50.0 115.0 Backhurst? 
Gold (79) 41.6 48.2 118.7 . 

27.5 53.9 118.9 The authors 
Mercury (80) 27.5 47.4 105.5 Uber! 











the recent theoretical treatment of Stobbe,* who finds the ratio of the true 
absorption coefficient of the Z; electrons to the sum of the true absorption 
coefficients of the Ly; and Lyz; electrons to be 2/11 in the vicinity of the L 
absorption edges. 





4A, Dauvillier, C. R. 178, 476 (1924). 
5H. Kiistner, Phys. Zeits. 33, 46 (1932). 
6 M. Stobbe, Ann. d. Physik (5) 7, 661 (1930). 
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The First Spark Spectrum of Antimony 


By R. J. LANG Anp E. H. VESTINE 
University of Alberta, Edmonton, Canada 


(Received August 30, 1932) 


The first spark spectrum of antimony has been analyzed by using the radiation 
from three sources, the hollow cathode in He and in Ne, and the vacuum spark. The 
spectrum extends from the infrared to the extreme ultraviolet with strong lines 
scattered throughout most of the entire range. Many important lines lie in the visible 
and near ultraviolet and the spectrum is weakest in the 2000A region where the strong 
lines of the arc spectrum fall. The multiplets arising from the combination of the 
deepest terms (s*p”) *P’D’S with the next most important configuration (s*ps) *P’P 
occur between \1300 and 42000. Two members of the singlet series ‘P —’D and two 
members of the singlet series 'P —’S of the above configurations give an approximate 
value for the deepest term of 150,000 cm and an ionization potential of about 18 
volts. Some 50 energy levels are located based upon the classification of nearly 200 
lines. Tables of term values and wave-lengths are given. 


HE spectrumof antimony excited in various ways has been photographed 
and carefully measured from about 7000A to about 600A. The chief 
methods of excitation used were, the hollow cathode in an atmosphere of 
helium and sometimes of neon, the spark in hydrogen and the vacuum spark. 
In the case of the hollow cathode a cylinder of carbon was used to hold the 
metal in a thin layer around the inside wall of the tube. A current of from 
three to five milliamperes was used at a pressure of 800 or 1600 volts. In the 
use of neon as an atmosphere a stable condition was reached at a somewhat 
less current density but the metal lines were excited with much greater in- 
tensity than in the presence of helium. The tube containing the hollow 
cathode was made of fused quartz and was watercooled. For the investigation 
of the extreme ultraviolet the tube was connected directly to the vacuum 
spectrograph by means of a ground joint so that only the very narrow slit 
separated the hollow cathode tube from the main body of the spectrograph. 
In a few cases a fluorite window was placed over the slit. These photographs 
taken through fluorite served the very useful purpose of eliminating any 
second order lines from the list of wave-lengths. Two vacuum spectrographs 
were employed, one having a speculum grating of one meter radius and 
15,000 jines per inch and the other two meters and 30,000 lines ruled on glass. 
For the photography of the regions of longer wave-length several instru- 
ments have been employed. Much of the work was done on a concave grating 
of 1.5 meters radius having 15,000 lines per inch. Another grating which has 
the same type of ruling but a radius of 2 meters was used and some photo- 
graphs which had been taken on prism spectrographs by Mr. Badami were 
very kindly loaned to one of us. Some very good photographs were also 
loaned to us by Mr. Smith of this laboratory. 
Considerable time was spent in an effort to get a consistent set of meas- 
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urements of wave-length throughout the entire spectrum based upon the 
international standards of neon, helium and iron. The second order of the 1.5 
meter grating at the Physikalisch-Technische Reichsanstalt at Berlin was 
employed for this purpose down as far as 2200A, and below this we used the 
second order of the two-meter vacuum spectrograph at Edmonton employing 
a glass grating of 30,000 lines per inch at nearly normal incidence. Both of 
these gratings give very fine spectra; the latter especially gives very sharp 
lines and seems to be entirely free from ghosts. 

The lines of neon and helium which occurred on the plates taken by using 
the hollow cathode were employed as standards to reduce the plates, using 
as far as possible the international values of these lines and supplementing 
these by the measurements of neon given by Paschen.' However, between 
2200 and 44000 it was found that these standards were not nearly numerous 
enough for the purpose and it became necessary to supplement these plates 
with some taken of the spark in nitrogen or hydrogen on the two-meter grat- 
ing in Edmonton, using one electrode of iron and one of antimony. In some 
cases the antimony lines came out diffuse and unsuitable for accurate meas- 
urement but enough standards were thus obtained to get fairly accurate 
measurements of the plates. In the region between 42300 and A3000 the inter- 
ferometer measurements of iron made by Jackson? were employed in some 
cases. 

The once-ionized antimony atom contains 50 electrons of which all but 
four are in completed groups and do not enter into the production of the 
spectrum discussed here. These four electrons give the configuration (5 sp?) 
resulting in the set of deepest terms *P'D'S. The next most important con- 
figuration is (s*p-s)’P'P and these terms being odd will combine with the 
deepest (even) terms above. The resulting lines have been located extending 
from A1300 to about A2000. They are given in the upper right-hand section of 
Table I. Of the fourteen lines expected, thirteen have been found, and the 
missing intercombination line *P,—1‘P, is much weaker than expected in Sn I® 
and in As II*. The intensities of the lines given are taken from plates of the 
hollow cathode in helium. There seems little doubt but that these combina- 
tions are correctly assigned. The corresponding ones in Te III have also been 
found and an analysis of this spectrum now in progress will be reported upon 
separately. 

The second members of the deepest terms together with the *D*S'P terms 
no longer excluded by the Pauli principle should combine with the (s*ps)*P!P 
terms giving lines in the visible region. It seems likely that we have dis- 
covered most of these combinations but it does not seem possible to identify 
the individual levels with the theoretical terms expected except in a tenta- 
tive way. In the lower part of Table I on the right are shown the combina- 
tions between the (s*ps)’P'P terms and what appear to be the S and D terms 


1 Paschen, Ann. d. Physik 60, 405 (1919). 

2 Jackson, Proc. Roy. Soc. A130, 395 (1931). 

3 Green and Loring, Phys. Rev. 30, 574 (1927). 

4A. S. Rao, Proc. Phy. Soc. London 243, 343 (1932). 
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of the (s*p- p) configuration, while in the upper left the combinations of these 
latter terms with the (sp*)*D terms are given. The assignment of the *S and 
3D terms were suggested to one of us by Mr. J. S. Badami on the basis of some 
fine structure measurements and the two terms 11 and 36 were discovered 
by him. Dr. J. B. Green also kindly sent us some preliminary results of the 
Zeeman effect for some of these lines. The correspondence between the as- 
signment of terms as given in Table I and these measurements of fine struc- 
ture and Zeeman effect is quite good. Some ten lines in the table were in- 
cluded in the Zeeman measurements and all of these except 44140 may be 
considered as supporting the scheme. The Zeeman effect for the above line 
suggests rather the combination *D,—*D,’. The nature of term number 40 
could not be decided for certain. No Zeeman effect for \6005 was obtained 
but that for \4344 gives Aj =0 which means that term 40 ought to have j = 1. 
The fine structure results give about the same result. The fact that \6005 is 
the strongest line in the spectrum surely fixes term 40 as a singlet. The only 
other singlet expected from the configuration (s*pp) is a P term but there 
should be present, in that case, several more intercombination lines. It may 
be possible that the term is not real since it gives very few combinations; 
certainly far too few for a singlet P term. 

It is possible to calculate approximate term values for term 48 is the 
second member of 8 and 48a is the second member of 10. The nature of term 
8 (singlet D) is confirmed by the fine structure measurements so we may use 
the two lines whose wave numbers are 63,106.6 and 17,954.4 to calculate 
the value of the term (s*ps)'P,;. The approximate value obtained is 'P, 
= 74,500 giving for the deepest term (s*p”)*P» a value of about 150,000. The 
ionization potential is therefore in the neighborhood of 18 volts. Since this 
term value rests upon but two members of a series it will be only very ap- 
proximate and we have followed the usual custom of giving the deepest 
term zero value. We do not believe that this is the best method of fixing term 
values for even an approximate value enables anyone to estimate quickly 
the neighborhood in the spectrum in which higher members of any series 
will occur without having first to turn about all the term values. Giving the 
deepest term zero value casts undue weight upon a term value which after 
all may not be a real term at all. Its reality will often not be decided abso- 
lutely until series members are discovered in the spectrum. 

We were not able to identify second members of the (s*ps) configuration. 
In the spectrum of Sn I we find the perturbations of these terms upon each 
other are already pronounced as indicated by the inversion of both P and 
D terms. So that in Sb II, where the intermingling is still greater, due to 
wider separations, any assignment that might be made would probably not 
have much meaning. We may remark, however, that the P,P: separation, 
which has the value 5738.5 in the first member should approach the doublet 
separation in Sb III, namely 6575. Terms 51 and 69 have a separation of 6439 
and their combinations are fairly satisfactory so that they may represent 
P, and P2, respectively. 

The intensity rules seem to be fairly well obeyed in the *P*P and the *P*D 
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multiplets shown in Table I. The intensity of the line \3964 in the *DD 
multiplet may be misleading as it occurred always as a blend with a line of 
helium even when taken in neon since there was always a trace of helium 
in the neon. The presence of the antimony line was confirmed by the vacuum 
spark plates. The absence of the combination *P,)—*D, is not explained. It 
was thought that the term marked zero on this account could not be the 
deepest term (*Po) and a determined effort was made to find another term but 
without success. 


TABLE IJ. Term values in Sb IT. 











Number of Number of 
Eventerms Number j value combina- |Oddterms Number j value  combina- 
tions tions 
0 2 0 7 58633 7 3 4 
3055 + 1 17 66291 9 1 5 
5659 6 2 15 66501 11 2 10 
12791 8 2 14 67887 13 3 7 
23906 10 0 7 68409 15 3 7 
82221 12 1 or 2 5 69134 17 0 7 
84814 14 1 4 69534 19 1 16 
87830 16 1 4 70158 23 lor 2 3 
89560 20 2 8 72384 25 2 7 
89626 22 2 7 73141 29 2 4 
90353 26 1 4 75273 31 2 10 
90607 28 1 5 75896 33 1 12 
90645 30 1 16 76690 35 2 7 
90893 32 lor 2 4 77138 37 1 7 
91581 36 3 7 78390 39 2 4 
91716 38 2 19 90321 43 1 4 
92543 40 Oor1 4 91359 45 1 3 
92935 42 1 2 97637 47 1 4 
92999 44 1 14 104725 49 2 3 
93851 48 2 12 105916 51 2or3 6 
95209 48a 0 7 107463 53 1 6 
95462 50 1 9 107829 3S 2 3 
105266 52 2or1 8 110852 59 1 or 2 4 
111578 61 lor2 5 
111624 63 lor 2 6 
111668 65 lor 2 5 
112355 69 2 9 
112402 71 1 7 
112730 73 2 5 
113201 75 1 7 
114048 77 Oor 1 4 
128514 79 1 6 











In Table II the energy levels are given together with the numbers as- 
signed and the j values of each, so far as these could be determined. The even 
terms have been assigned even numbers and the odd terms odd numbers. 
The fourth column gives the number of combinations on which each term 
value rests. It seems certain that while over fifty levels have been found these 
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do not represent a complete analysis of this spectrum because there are more 
terms for which 7 =0 and 7 =3 expected than have been found and because 
many more lines which appear to belong to Sb II remain unclassified. How- 
ever, we are gratified that we were able to include so many of the very in- 
tense lines which occur in the visible and near ultraviolet in the scheme. 

In Table III we give a list of the lines which are thought to belong to 
Sb II. In the columns headed a and b we give the intensities of the lines as 
measured in the hollow cathode in neon and helium, respectively. No meas- 
urements were made in helium beyond the fluorite limit. The results of the 
measurements made in the vacuum spark, while very useful in the analysis 
of the spectrum, are not included, following a suggestion of the editors. In 
the last column headed c we give the last two digits of the wave number cal- 
culated from the term values in Table II for comparison with the actual 
wave numbers of the lines. In very few cases above \2000 does the discrep- 
ancy exceed one unit and these have been indicated by an interrogation 
mark. Below \2000 somewhat greater tolerance is allowed but in nearly all 
cases the agreement is very good. There may be some arc lines still present 
in the table but we have omitted, we think, most of those which are known to 
belong to the arc spectrum. 


TABLE III. Hollow cathode of antimony. 








a b Wave-length Wave Classifica- c a b Wave-length Wave Classifica- c 
(vac.) number tion (vac.) number tion 

0 691.20 144676 8 1274.98 78432 .6 

0 764.43 130816 0 3 1289.82 77530.2 8:—431 30 
0 814.85 122722 3 6 1296.41 77136.1 20-35: 38 
0 849 .39 117731 0 6 1317.56 75897 .9 20-331 96 
2 855.08 116948 8 10 1327.401 75335 .2 4,—39, 35 
0 861.62 116060 1 1336.72 74809 .9 

a 876.84 114045 .8 20-771 48 2 6 1349 .834 74083 .2 4,—37; 8&3 
0 888.44 112556.8 1 1356 .289 73730.5 10) — 47; 31 
1 896.75 111513.8 6 8 1358 .039 73635 .6 4,—35; 35 
1 907 .36 110209.8 2 1372 .843 72841.5 4,-—33: 41 
2 914.91 109300 .4 4,—69:(?) 04 2 5 1374.938 72730.5 62—39; 31 
4 921.07 108569 .3 4, —63: 69 & 10 1384.700 72217.8 4,-—31l, 18 
0 922.60 108389 .3 62-771 89 2 2 1404.095 71220.2 

1 930.55 107463 .3 20-53: 63 6 10 1407 .827 71031.5 62-35: 31 
2 932.32 107259.5 8 8 1436 .488 69614.2 62-31: 14 
3 937.17 106704.3 62 —692 06 4 8 1438.151 69533 .7 20-19; 34 
2 943.74 105961 .4 6: —63:(?) 65 2 1467.75 68131.5 

2 950.91 105162.4 1 1482 .539 67451.8 10) — 45; 53 
2 957.78 104408 .1 4,-—53: 08 2 7 1504.230 66479 .2 4,—19; 79 
4 972.22 102857.4 4,—51, H? 60 1 5 1505.667 66415 .7 10. —43, 15 
5 978.76 102170.1 62-55: 70 3 3 1513.271 66082 .0 4:—17.(?) 79 
6 983.57 101670.4 4,—492 70 2 7 1524.380 65600 .4 8:—39; 99 
2 984.85 101538 .3 1 6 1532.88 65236.7 

4 997 .42 100258 .6 62:—Sli 57 0 3 1543.87 64772.3 

6 1001.13 99887 .1 3 8 1554.029 64348 .9 8:—37; 47 
6 1009 .43 99065 .8 62—492 66 6 10 1565.512 63876.8 62-19; 75 
1 1015.38 98485 .3 & 10 1576.114 63447 .2 4:—11, 46 
4 1024.19 97638 .1 20-471 37 7 9 1581 .363 63236.8 4,-9 36 
4 1043.05 95872.7 4 10 1584.620 63106 .6 8: —33; 05 
6 1052.21 95037 .2 8:—55: 38 2 7 1600 .460 62482.0 82-31: 82 
8 1056.27 94672.8 8:—53: 72 10 12 1606.980 62228.5 6:—13; 28 
8 1057 .32 94578 .7 4: —47, (?) 82 5 1643.57 60843 .1 62-11; 42 
6 1073.81 93126.3 8:—Sli 25 5 1649.32 60631 .1 6:—-9) 31 
1 1076.85 92863 .4 2 + 1655.54 60403 .2 

5 1087.22 91977.7 62 —47: (?) 82 20 8 1657 .036 60348 .7 8: —29.(?) 50 
3 1089 .67 91770.9 5 4 1702.40 58740.6 

3 1094.63 91355.1 2 3 1725.298 57961.0 

1 1132.45 88304.1 4,—45; 04 s 7 1736.43 57589.4 

0 1145.92 87266.1 4,—43, 66 1 6 1762.312 56743 .6 

1 1175.19 85092 .6 20 —392(?) 93 3 8 1788.46 55914.0 

1 1181.14 84663 .9 62-431 62 4 8 1810.60 55230.2 

0 1196.74 83560 .3 10. —53,(?) 57 § 12 1814.971 55097 .3 

1 1200.35 83308 .9 1 3 1832.23 54578 .3 

1 1218.96 82037 .1 0 1 1836.48 54452.0 

6 1230.30 81280.9 2 4 1839.23 54370.6 

0 1 1272.75 78570.0 82-45: 68 3 10 1861. 53711.2 
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TABLE III (Continued) 











a b Wave-length Wave Classifica- c a b Wave-length Wave Classifica- e 
(vac.) number tion (vac.) number tion 
5 10 1869.131 53500 .8 8:—9; 00 20 20 3850.22 25965 .2 13:—48: 64 
2 2 1874.82 53338 .4 8 3893.75 25674.94 19—48a 75 
2 5 1878.538 53232.9 10. —371 32 5 2 3907.736 25583 .0 
3 3 1891.27 52874.5 62— 74 4 3929.23 25443.1 15;—48: 42 
5 1923 .388 51991 .6 10) —33:(?) 90 5 8 3931.79 25426.5 9,—38: 25 
1 1 1956.47 51112.5 10 12 3960.53 25242 .0 12,:—53; 42 
6 6 1990.60 50236.1 10 ? 3964.75 25215.1 112—38: 15 
Wave-length (in air) 2 3980.98 25112.3 133 —44: 12 
3 2 2014.75 49617.8 8 9 3985 .98 25080 .9 11:—363 80 
3 4 2024.06 49389 .6 20 15 4033 .56 24785 .0 
5 2 2036.21 49095 .0 2 12 #£4040.54 24742.2 
3 8 2063.34 48449.5 6 4065.32 24591.4 15:—44: 90 
3 3 2073.39 48214.7 8 10 4104.68 24355.9 9,—301 54 
1 1 2117.35 47213.8 4 6 4111.24 24316.7 19, —48, 16 
1 5 2118.51 47188.0 20 15 4133.63 24185.0 
10 15 2141.80 46674.9 15 12 4140.54 24144.6 11.—30; 44 
2 2 2159.09 46301 .2 15 15 4195.17 23830 .2 133—38:2 29 
6 12 2179.25 45872.9 10 6 4200.49 23800.1 170—42 01 
0 2190.92 45628 .6 10. —19; 28 5 4209 .67 23748 .2 61 —161 48 
5 7 2201 .36 45412.2 20 20 4219.07 23695 .2 13; —36s3 94 
6 10 2208 .50 45265.4 8 15 4260.55 23464.6 19, —44:2 65 
6 7 2225.15 44926.8 10 6 4271.54 23404.2 30:—771 03 
5 4 2288 .97 43674.3 3 2 4283 .88 23336.8 9—22; 35 
0 1 2295 .80 43544.4 6 4289.30 23307 .3 153—38: 07 
1 1 2315.83 43167 .8 6 5 4304.12 23227 .0 
1 1 2360.98 42343 .3 20 20 4314.32 23172.1 15;—36s 72 
0 4 2422.91 41260.2 3 4332.64 23074.2 252-501 74 
8 2 2480.46 40302 .9 2 0 4335.34 23059 .8 11.—20, 59 
15 15 2528 .535 39536.7 16:—79% 37 12 12 4344.83 23009 .4 19,—40 09 
10 8 2567 .754 38932 .8 3 4376.85 22841.1 20: —71, 42 
2 2578.91 38764.5 11.—52 65 12 10 4411.42 22662.1 
1 2619.681 38161.2 261-791 61 3 4427.25 22581.1 170 —38:2(?) 82 
12 3 2656.55 37631.6 5 4431.87 22557.5 30; —75; 56 
4 2674.48 37379.4 133—52: 78 12 4446.48 22483 .4 15;—32 84 
7 2716.72 36798 .2 38:—79; 98 12 20 4506 .92 22181.9 19, —38: 82 
2 1 2741.00 36472 .3 15 9 4514.50 22144.7 
8 5 2764.62 36159.7 8 8 4526.04 22088 .2 
10 8 2788.87 35846.3 8 4577.95 21837 .7 32 —73: 37 
7 2793.52 35786 .6 85 —363 86 8 4586.84 21795.4 28:-—711 95 
10 8 2797.70 35733.1 19, —52: 34 4 4594.21 21760.4 17.o—32 59 
+ 4 2818.98 35463 .4 6 2 4594.93 21757 .0 30: —-711 57 
3 1 2847.13 35112.8 30 20 4596.90 21747.7 28: —69, 48 
12 12 2851.09 35064.0 20 20 4599.09 21737.4 133—22:(?) 39 
8 4 2858 .03 34978.8 15 4 4604.77 21710.5 30: —692 10 
3 2884 .07 34663 .1 48:—79, 63 10 3 4612.92 21672.2 13;—20: 73 
10 10 2891.214 34577.4 § 4637.31 21558 .2 23 —38: 58 
5 3 2911.86 34332 .3 30 10 4647.316 21511.79 170-30; 11 
12 15 2966.10 33704.5 8  4647.919 21509.00 32-711 09 
15 12 2980 .962 33536.5 2 4648 .49 21506 .3 40-77; 0s 
8 3001.70 33304.8 48a —79, 0s 8 4653.32 21484.1 38:—75: 85 
8 12 3021.89 33082 .3 7 —38: 83 2 5 4656.35 21470.6 17.—28:(?) 73 
12 6 3034.01 32950.1 7 —36:(?) 48 10 10 4657.95 21462.7 252—48: 63 
12 20 3040.669 32877.96 25:—52: 78 20 4 4675.745 21381.0 
8 8 3141.08 31827.0 12-771 27 3 4694.95 21293.5 20: —59 92 
6 12 3168.417 31552.40 40 20 4711.26 21219.8  170—26 19 
3 3171.45 31522.5 12 12 4735.44 21111.5 19-30: 11 
8 3 3196.96 31270.7 20 20 4757.81 21012.2 38:—732(?) 14 
3 10 3210.113 31142.59 20 10 4765 .36 20978 .9 30; —63 79 
15 3232 .537 30926 .56 7 —20: 27 12 2 4766.91 20971.1 28:—61 71 
20 15 3241.280 20843 .14 30 15 4784.03 20897 .2 
3 6 3287.13 30412.9 20 10 3802.01 20818 .9 19, —26, 19 
10 10 3303.90 30258 .6 1 4821.29 20735.5 23 —32 35 
8 3317.52 30134.3 12 —692 34 20 12 4832.82 20686 .1 38-711 86 
8 8 3333.20 29992 .6 312-522 93 5 4838.27 20662 .8 15:—20. 63 
5 3336.88 29959.5 10 + 4843.74 20639 .5 382—69, 39 
8 3366.84 29692 .9 1 4850.50 20610.7 252—44: 11 
12 12 3383.09 29550.3 20 15 4877.24 20497 .9 26:—59(?) 99 
3 12 3399.92 29404.0 12: —632 03 1 4880.01 20486.1 23 —30; 87 
2 2 3403.80 29370.5 33: —52: 70 15 12 4947.40 20207 .0 30, —59 07 
3 3405 .27 29357 .8 12,—61 57 3 12 4948 .52 20202 .5 44.-—75; 02 
q 8 3425 .47 29184.7 2 4975.71 20092 .1 19, —22: 92 
7 7 3459.26 28899 .7 1 10 4988 .41 20040 .9 65 —36:(?) 43 
9 12 3473.50 28781.2 5 5 4991 .66 20027 .8 19, —20, 26 
15 15 3498 .46 28575.9 35:—52: 76 10 7 5010.42 19952.8 38:—65 52 
12 5 3520.474 28397 .2 4 4 5021.68 19908 .1 38: —63 08 
5 3521.75 28386 .9 14,—75; 87 6 7 5033.03 19863 .2 38:-—61 62 
6 4 3559.24 28087 .9 15 10 5044.56 19817.7 
10 20 3596 .96 27793 .3 2 2 5066 .99 19730.1 44:—73: 31 
3 3627.40 27560.1 9:—48: 60 2 5 5109.71 19565 .2 33: —-501 66 
8 12 3629.92 27541.0 14, —69, 41 5 2 5152.30 19403 .4 44.-711 03 
25 15 3637.80 27481.3 6 5 5164.72 19356.8 44:—69; 56 
2 5 3655.26 27350.1 11,—48, 50 12 12 5166.32 19350.8 48:—75; 50 
8 3683.27 27142.1 2 6 5172.46 19327.8 252—38: 28 
8 8 3719.63 26876.8 39:—52: 76 15 15 5176.55 19312.52 33—48a. 13 
20 8 3722.78 26854.0 14,—65 54 5 1 5208 .80 19192.9 
4 2 3772.78 26498 .1 112—44; 98 20 8 $238.94 19082 .5 40 —63 81 
4 2 3797.02 26328 .9 15;—50,(?) 28 20 7 5§354.24 18671.6 44:—65(?) 69 
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TABLE III. (Continued). 














a b Wave-length Wave Classifica- c a b Wave-length Wave Classifica- c 
(vac.) number tion (vac.) number tion 
10 12 5381.20 18578.1 31 —48: 78 20 7 6154.945 16242 .61 
15 15 5464.08 18296 .3 19,—16: 96 3 6186.00 16161.1 50, —63 62 
6 $471.95 18269.9 20:—55: 69 12 6203.20 16116.2 50, —61 16 
2 5 5475.77 18257 .2 25: —30:1 57 2 6284.44 15908 .0 
1 5531.73 18072.5 37:—48a0 71 12 12 6302 .764 15861.68 37:—44: 61 
1 1 5555 .993 17993.6 48a0—75: 92 5 7 6319.76 15819.0 33; —38: 20 
15 20 $568.13 17954.4 33: —48: 55 3 1 6376.11 15679.2 170-14; 80 
(Sb III?) 3 6396.21 15629.9 
3 1 5599.73 17853.1 44,:—59 53 3 6406 .08 15605 .9 
10 2 5631.89 17751.1 29: —32 52 5 6474.43 15441.1 25:—16; 42 
10 5635.18 17740.7 $0: —75: 39 6 7 6503 .26 15372.7 312-30: 72 
30 15 5639.75 17726.4 312—442 26 5 5 6511.13 15354.1 
4 3 5660 . 46 17661.5 311—42 62 2 8 6529.88 15309 .9 28:—S1s 09 
8 5705.50 17522.1 48a0 —73:2 21 1 3 6546.86 15270.3 30, —Sis 70 
1 10 5789.52 17267.9 50; —732(?) 68 2 6621.28 15098 .6 22:—49: ag 
5 3 5825.50 17161.2 35 —48: 61 1 6629.48 15080.0 31:—26:1 80 
6 8 5845.65 17102.0 33: —442 03 30 6647 .44 15039 .2 
15 ? 5895 .09 16958 .6 15 3 6688 .01 14948 .0 
2 5901.20 16941.0 50:—71; 40 3 4 6713.60 14891.0 352 —363 91 
3 5917.77 16893 .6 50: —69: 93 2 6 6778.75 14749.5 33, —30; 49 
1 8 5981.42 16713.8 37:—48: 13 6 4 6806.67 14687.5 29:—16:(?) 89 
100 100 6005.210 16647.60 33,—40 47 4 1 6842.98 14609.5 
10 6006 .105 16645 .13 4 6915.58 14456.1 33; —26, 57 
20 20 6053 .411 16515.05 4 7051.26 14178.0 
1 6064.13 16485 .9 29:—22: 85 2 7075.11 14130.3 
4 6073 .932 16459.2 48a.—65 59 2 7145.48 13990.3 
30 30 8 6079.797 16443.38 31:—38: 43 2 7163.50 13955.8 35:—30; 55 
50 80 6130 .043 16308 .59 31:—36;3 08 7279.6 13731. 33; —22: 30 
1 6137.30 16289 .3 222—S51: 90 7343.4 13613. 48:—53; 12 








(a), Intensity in hollow cathode in neon; (b), Intensity in hollow cathode in helium; (c), Wave numbers 
calculated from terms in Table II. 


Note on Ss III 


While the work on Sb II was in progress occasion was taken to reinvesti- 
gate briefly the spectrum of Sb III using the more accurate wave-lengths 
in the vacuum spark now available. We find that the following terms which 
were previously given by one of us® are real and satisfactorily identified: 
(5p)*P, (6p)*P, (6s)*S, (7s)*S, (Sd)?D, (6d)*D, (5f)?F, (5g)*G, (5p?)*D, but that 
the terms called (4f)?F, (p*)4S, (p?)?P*P, and (6g)?G are not correct and should 
be discarded. It would appear that the states represented by quartet terms 
are not excited in the sources employed. There are several pairs of lines 
having exactly the separation of the deepest 5P terms throughout the ex- 
treme ultraviolet and doubtless some of them represent the so called PP 
combination. An attempt is now in progress to excite some more of these 
higher states in the arc spectrum of indium so that a consistent set of terms 
may be found in this isoelectronic sequence. 

In conclusion we desire to state that a considerable part of the experi- 
mental work was done by one of us (R. J. L.) at the Physikalisch-Technische 
Reichsanstalt in Berlin and his appreciation and thanks are hereby tendered 
to Dr. Paschen for his kindly interest in the work and for the use of the facili- 
ties of his laboratory, and also to the members of his staff for their patient 
cooperation and courtesy. He wishes also to thank Dr. K. R. Rao and Mr. 
J. S. Badami for helpful discussions on this and allied spectra and especially 
the latter for the loan of very useful photographs of the spectrum of anti- 
mony. We wish also to thank Dr. Green for sending us the results of the Zee- 
man analysis prior to publication and Mr. Smith of this laboratory for the 
loan of some good plates of the vacuum spark spectrum. Finally we acknowl- 
edge a grant from the National Research Council of Canada which has en- 
abled us to carry on this work. 

*R. J. Lang, Phys. Rev. 35, 445 (1930). 

















OCTOBER 15, 1932 PHYSICAL REVIEW VOLUME 42 







The Spectrum of Potassium Hydride 


By G. M. Atmy anp C. D. Hause 
University of Illinois 


(Received August 17, 1932) 


The '>—'Z molecular spectrum extending from 4100A to 6600A has been photo- 
graphed with prism spectrographs with a d.c. potassium arc in hydrogen as source. In 
absorption spectrographs, also attempted, the bands were masked by alkali bands 
except in a short region, 4600A to 4800A. The spectrum is of the many-lined type. 
Analysis disclosed 29 bands falling into five v’ progressions. Each band consists of P 
and R branches only. The rotational and vibrational constants (Table III), which 
fall into line with the corresponding values for LiH and NaH, are surprisingly dif- 
ferent in the two states. B,’ and w,’ show an anomaly, rising with increasing v’ for 
low values of v’, then decreasing. Extrapolation of the vibrational levels indicates 
that the products of dissociation in the two states differ by the energy of the resonance 
lines of K(1.60 volts). Heats of dissociation of 1.25 and 2.06 volts are obtained for 
the excited and ground states, respectively. From potential energy curves a Franck- 
Condon diagram of intensity is drawn and is in good agreement with observed in- 
tensities. 


HE molecular spectra of two of the diatomic hydrides have already been 

analyzed and reported; Nakamura! examined the spectrum of LiH as 
obtained in absorption while Hori? has made an extensive study of NaH in 
both absorption and emission. Most of the LiH spectrum falls between 
3000A and 4500A, that of NaH between 3500A and 5000A. The two spectra, 
which are of the many-lined type, are much alike and have been assigned in 
each case to a '2—>'D transition. Extrapolation of the vibrational levels of 
the two states of an alkali hydride indicated as the products of dissociation 
a normal hydrogen atom and a normal alkali atom from the lower state and 
a normal hydrogen and an excited ?P alkali atom from the upper state. In 
this paper the analysis of the corresponding '2—>'Z system of KH, obtained 
in emission and extending from 4100A to 6600A, is discussed. 

A point of interest in the alkali hydrides is the anomalous behavior of 
w,’, the vibrational interval in the upper state. Instead of decreasing steadily 
with increasing v’ in the usual way, it rises, attains a maximum at about 

‘=9, and then falls. This peculiar behavior is found in KH, as well as in 


LiH and NaH. 
EXPERIMENTAL PROCEDURE 


The source of the KH spectrum was a d.c. potassium arc operating in 
hydrogen. The arc was contained in a brass chamber, cooled by water circu- 
lating in a lead tube coiled about it. The electrodes, also water-cooled, were 
fixed into the removable top and bottom plates. The lower electrode was a 
hollow iron cylinder of about 1 cm internal diameter, with an iron cap having 
a 4 mm hole in its center. In the cylinder was a piston with a threaded shaft 


1G. Nakamura, Zeits. f. Physik 59, 218 (1930); Japanese Journal of Physics 7, 31 (1931). 
2 T. Hori, Zeits. f. Physik 62, 352 (1930); 71, 478 (1931). 
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such that the piston could be advanced from outside the arc chamber. Thus 
potassium, contained in the cylinder, could be gradually extruded through 
the cap to keep a supply in the burning arc. A section of pressure tubing sur- 
rounded the piston shaft and its sleeve, soldered to the arc chamber, to pre- 
vent entrance of air. The shaft could be turned in the tubing. The upper 
electrode was of nickel or iron. Its shaft also entered the chamber through a 
sleeve, shaft and sleeve being surrounded by a section of tubing. The arc was 
struck by pressing the upper electrode against a coil spring. 

Tank hydrogen was supplied continuously through a capillary tube. A 
pressure of about 20 cm of Hg was maintained, although the pressure did 
not seem to be a very critical factor in determining the intensity of the bands. 
Potential was supplied by a 500-volt d.c. generator and the current in the 
arc was held to about 3 amperes with series resistance. A single filling of 
potassium (about an ounce) could be made to last 3 or 4 hours. Exposures 
up to ten hours were taken. 

Most of the analysis was made from photographs taken with an E-1 
Hilger glass prism spectrograph. When the analysis was nearly completed a 
prism spectrograph fitted with a glass optical train (Hilger) consisting of a 
60° prism, a 30° prism, and an achromatic lens of 3 meters focal length, in 
Littrow mounting, became available. This instrument was used to extend 
the spectrum above 5900A where the dispersion of the E-1 was insufficient 
to give satisfactory measurements. The larger instrument had a dispersion 
of 10A per mm at 6600A, equal to the dispersion of the E-1 at 5000A. 

An attempt was made to photograph the KH spectrum in absorption. 
Potassium was heated, with hydrogen, in a length of iron tube, placed in a 
gas combustion furnace. The absorption spectrum was obtained but it was 
largely masked by other spectra. Below 4600A the spectrum of Kz was promi- 
nent. Above 4800A the blue-green system of Nag (present as an impurity) 
extended up to the NaK bands falling just below the D lines of Na. Above 
the D lines the red system of Naz appeared. Between 4600A and 4800A, 
however, the spectrum of KH, corresponding exactly with the emission spec- 
trum, could be observed. 


ANALYSIS OF BAND SYSTEM 


The KH spectrum is of the many-lined type; no heads or other regularities 
of structure are apparent on casual inspection. This is due to the fact that the 
heads of the bands almost coincide with the origins and to the overlapping 
of the bands. It is, therefore, not possible to make a vibrational analysis 
without first completing the rotational analysis, thus locating the band 
origins. 

To carry out a rotational analysis, a beginning was made by picking out 
a branch of one of the stronger bands using the criterion that the second dif- 
ferences of the frequencies should be constant. This branch, being a strong 
one, could be followed through the origin and its character (P or R), as well 


as the rotational quantum numbers, determined. The combination differ- 
ences, 
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AeT” 


R(K") — P(K") 
AeT” = R(K" — 1) — P(K" + 1), 


were calculated for this band. Then bands in the same v’ progression could 
be identified since they have the same value of A,7”’’, while bands in the same 
v’’ progression yielded identical values of A,7’. Once the vibrational intervals 
were approximately determined the analysis proceeded rapidly. Often when 
the hunt for the correct combination differences did not give results 
promptly, a new start in the proper region with second differences disclosed 
the next band in a progression. 

In this way 29 bands were located. The frequencies with quantum as- 
signments are listed in Table VI at the end of this paper. Since about 85 
percent of the lines appearing on the plates were assigned and since the re- 
maining lines were mostly of very low intensity it is quite certain that the 
bands are of the simple two-branch type originating from a '2—>'Z transition. 
The system thus corresponds to the similar systems found for NaH and LiH, 
assigned to po!'L—so' transitions. 


(1) 


CALCULATION OF MOLECULAR CONSTANTS 
The next step was the calculation of the rotational constants and the 
band origins. The combination differences were tabulated (Tables IV and V) 
and mean values taken where more than one value was obtained for a par- 
ticular pair of rotational levels. Since the rotational energy of a molecule in a 
1D state is 
T = B,K(K +1) + D,.K*(K + 1)?+ F,K%(K + 1), 
the combination differences can be expressed, 
A.T = T(K + 1) — T(K — 1) 
= 4B,(K + 3) + 8D.(K + 3)° + 12F,(K + 3)° 
where terms small in comparison with F,(K+1/2)' are dropped. B, depends 
upon v according to the relation, 

B, = B. — a.(v + 3) + y-(v + 3)? (3) 
in which B,(=h/87°J,c) is the extrapolated value corresponding to the non- 
vibrating molecule. Theoretically D, and F, also depend on v but the accuracy 
of the present data did not warrant the calculation of this variation. Hence 
D, was set equal to D, and F, equal to F,. 

A method of successive approximation was used to obtain B,. First, the 
D and F terms of Eq. (2), which are relatively small, were neglected and 
approximate values of B, obtained, using the measured combination differ- 
ences from Tables IV and V. Then approximate values of D, and F, were 
calculated from the theoretical relations, 


D, = —4B2/w? 
F, = (D2/B.)(2 — aw,./6B,”). 


w. Was approximately known from the separations of corresponding lines 
in successive bands in a progression. a, was assumed to be zero in this ap- 


(2) 


(4) 
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proximation. These values of D, and F, were then used in Eq. (2) to obtain 
the second approximation for B,, the mean for several values of K being 
taken. The origins of the bands were then calculated from the equation, 


vy = % + (B,’ a B,"")M + (B,’ ie p ay + D' — D.’)M? 


in which vo is the origin. For the R branch M=K’’+1, for the P branch 
M=-—K"’. Here the F, terms are omitted because they are inappreciable for 
the values of M (<15) used. From these calculated origins the vibrational 
intervals, w,, were determined and extrapolated to give w,.. Then improved 
values of D, and F, were calculated from Eqs. (4) and the process described 
repeated to give a third approximation. This approximation was found to be 
sufficient, considering the accuracy of the data. 


TABLE I. Band origins with values of w» interpolated. 











v Mean 
Y’ 0 1 2 3 4 w's 
0 16386.0 868.3 15517.7 
259.5 259.5 259.5 
1 16645.5 868.3 15777.2 
266.5 266.6 266.6 
2 17809.5 897.5 16912.0 868.2 16043.8 
272.7 271.8 272.2 
3 19009.9 927.7 18082.2 898.4 17183.8 
277.3 279.2 278.2 
4 19287.2 925.8 18361.4 
283.3 282.1 282.7 
5 | 20527.4 956.9 19570.5 927.0 18643.5 
287.8 288.9 288.3 
6 | 20815.2 955.8 19859.4 
290.5 (293 .8) 290.5 
7 | 21105.7 (952.5) 20153.2 
291.5 291.5 
8 | 21397.2 
293.8 293.8 
9 | 21691.0 
293 .0 293.0 
10 | 21984.0 
292.8 292.8 
11 | 22276.8 
291.6 291.6 
12 | 22568.4 
290.0 290.0 
13 | 22858.4 955.1 21903.3 
288 .0 288.0 
14 22191.3 
284.4 284.4 
15 22475.7 
281.5 281.5 
16 22757.2 





Mean w’’, 955.9 926.8 898 .0 868 .3 
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In Table I the band origins are listed in square array with assignments of 
v’ and v’’. The values of v’’ are certainly correct but there is some doubt 
about v’. The correctness of the assignment of these quantum numbers will 
be discussed in the last section of the paper. The values of w,’ and w,’’ also 
appear in Table I. In Fig. 1, w,’ is plotted against v’, together with corre- 
sponding graphs for NaH and LiH, showing the anomalous increase in w,’ 
with v’ for low v’. w,’’ follows a normal course, decreasing linearly with in- 
creasing v’’. The values of w,’ have been fitted with a power series in (v+1/2) 


| oe | | | 
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Fig. 1. Anomalous behavior of w,’ in excited 'Z states of LiH, NaH, and KH. 


by a least-squares calculation, with deviations, except one, less than 1 cm. 
The result is incorporated in the following equation for the band origins, 


y = 19525.2 + [254.51(v’ + 3) + 3.26(0’ + 3)? + 0.00725(0’ + 4) 
— 0.0105(0’ + 3)4 + 0.000273(v’ + 4)5] — [984.3(0” + 3) 
— 14.5(0” + }3)?]. 


The calculated values of B,’ and B,"’ are listed in Table II. B,’ parallels 
w,’ in its anomalous behavior. It increases until v’=6 and then decreases. 














TABLE II 
v B’, B"’. 1 B’, Bp”. 0” zB. B". 

1.359 3.373 6 1.437 12 1.376 
1.385 3.292 7 1.432 13 1.360 
1.405 3.209 8 1.431 14 1.334 
1.422 3.122 9 1.416 15 1.323 
1.432 3.041 10 1.405 16 1.307 
1 E.. 
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B,'’ decreases linearly with increasing v’’. The rotational and vibrational 
constants together with those of LiH and NaH, obtained respectively from 
Nakamura’s and Hori’s papers, are collected in Table III. 


TABLE III. Principal rotation and vibration constants. 











Constant LiH NaH KH 
I”. 3.7X10-* 5.65 X 10~*° 8.10 X 10~* (g cm*) 
w"« 1.6X10-8 1.88 X 107 2.24 10-* (cm) 
B”. 7.38 4.896 3.415 
a”. — 0.13 0.083 
D”. — —3.3X10- —1.65 10-4 
PP". — 1.3107 1.51078 
we 1395 1170.8 984.3 
vers 22.7 18.9 14.5 
I’. 9.3 x10-* 14.66 X10-*° 20.6 X 10~*° (g cm?) 
ws 2.5x10-8 3.03 X1078 3.58 X 10-8 (cm) 
B’. 3.00 1.887 1.344 
ae — —0.028 —0.030 
dD’. — —1.85x10-! —1.44x10- 
F’, — ~0.8xX 10-8 3.8X10-8 
w' 272 335.24 254.5 
x'w'e —9.61 —4.416 —3.26 
Heat of a 1.14 1.47 1.25 (volts) 
dissoc. | D” 2.56 2.24 2.06 (volts) 














A satisfactory explanation of the peculiar behavior of the upper state has 
not been given. Following Nakamura’s account of it in LiH, Weizel® at- 
tempted to explain the anomaly as due to an uncoupling, as the rotation 
increases, of the orbital angular momentum / of the po electron of the excited 
molecule. Such an effect would result in a calculated value of B, less than the 
“true” B, the depression being greater for slower vibrations. Such an ex- 
planation is inadequate to account for the behavior of w,’. The positions of 
the origins should be independent of rotational uncoupling effects. It might be 
argued that since the origins were calculated from rotational data, the calcu- 
lated positions of the origins does depend upon the uncoupling. If, however, 
one uses for w,’ the frequency intervals between corresponding lines of suc- 
cessive bands—lines for which K”’ is so small, say 2, that the rotation could 
scarcely affect it—one obtains a series of values of w,’ inappreciably different 
from those obtained from the calculated origins. That is to say, the anomaly, 
at least for w,’, seems to be independent of any rotational uncoupling that 
may be present. 





3 W. Weizel, Zeits. f. Physik 60, 599 (1930). 
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POTENTIAL ENERGY CURVES AND HEAT OF DISSOCIATION 


Potential energy curves, based on the Kratzer form, are shown in Fig. 2. 
In the form used, the potential energy does not involve coefficients in the 
vibrational energy beyond the second (xw,) nor coefficients in the expression 
for B, (Eq. (3)) beyond a,. Though ordinarily positive xw, and a, are negative 
in the upper state of KH. This change tends to steepen the potential energy 
curve for r>r, and flatten it for r<r,. For the ground state the potential 
energy curve was obtained from the Kratzer expression for 7 near r,, while in 
the neighborhood of dissociation the Morse form was used. 

The heat of dissociation of the lower state was calculated from the ex- 
pression D =w,?/(4xw.) since the vibrational energy in this state is accurately 
represented by 7°=w,.(v+}) —xw.(v+}3)? with w.=984.3 and xw,=14.5. D is 
thus 2.06 volts. 
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Fig. 2. Potential energy of normal and excited states of KH. 


On account of the peculiar behavior of w,’ the heat of dissociation of the 
upper state was determined by making use of the energy of the dissociated 
products. Rough extrapolation of the vibrational levels of the upper state 
indicated a heat of dissociation of about 1.5 volts. This requires that the 
atomic energy of the products of dissociation in the upper state be 1.8 volts 
greater than that of the products of the ground state. The resonance lines 
of potassium correspond to an excitation of 1.60 volts. Hence the products 
of dissociation in the upper state are normal hydrogen and potassium in the 
first excited state (?P). This atomic energy was added to D’’ (2.06) volts) 
and the electronic energy of the excited molecular state (vo) subtracted from 
the sum to give 1.25 volts for D’, the heat of dissociation in the upper state. 

From the potential energy curves the Franck-Condon intensity diagram 
in Fig. 3 was drawn, using the improved form suggested by Loomis and 
Nusbaum.‘ The theoretical locus of maximum intensity is shown by the 
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curve, the observed bands by small circles. The discrepancy at high frequen- 
cies is not surprising since the steep, uncertain, part of the energy curve of 
the upper state is involved. 


ASSIGNMENT OF v’ AND v’’. ISOTOPE EFFECT 


The assignment of v’’ is certainly correct since a thorough search on 
emission and, more important, on absorption photographs disclosed no bands 
of a lower progression than the one for which v’’ was set equal to zero. As 
to the upper state we suggested in a preliminary report’ that the bands now 
marked v’ =4 belonged to the state for which v’=0. Improvements in tech- 
nique enabled us to extend the spectrum to the red four vibrational intervals 
of the upper state. In the progression for which we now put v’ =0, there are 
only two bands, (0, 3) and (0, 4). The evidence for the present assignment is 
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Fig. 3. Intensity diagram for KH. Circles are observed band origins. 
Curve is theoretical locus of maximum intensity. 


first, that no bands assignable to a lower v’ could be found even though the 
bands in this region (6100A-6500A) were well developed in the long expo- 
sures and, second, that the assignment fits well with the Franck-Condon 
curve, which is most reliable in this region. Additional evidence was sought 
through the isotope effect. The heavier isotope of potassium, of mass 41, is 
present in the ratio of about 1 to 20. No lines of K*'H could be found in the 
emission photographs. In the absorption photographs, limited to the region 
4600-4800A, faint lines accompanied the intense lines in about the estimated 
positions. Measurements of the isotope shifts (about 1-2 cm~') made on two 
plates, were not sufficiently accurate to fix with certainty the v’ assignment. 
Averages of calculated and measured values indicate that the assignment is 
about right, but may still be too high by one. Such a change would make 
little difference in any of the molecular constants listed. 


* F. W. Loomis and R. E. Nusbaum, Phys. Rev. 38, 1447 (1931). 
5G. M. Almy and C. D. Hause, Phys. Rev. 39, 178 (1932). 
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Far Infrared Spectra of Gases 


By Joun StRoNG* Anp S. C. Woo 
California Institute of Technology 


(Received August 9, 1932) 


The envelope of absorption in the far infrared is determined for 14 gases by the 
reststrahlen technique. The pure rotation envelopes of HCl and NH; are compared 
with the envelopes of the R-branch of their oscillation-rotation bands. The formula 


I;(vib. — rot.) a const. _ 
I(rot.) we (1 — er! #P) 








is used to modify the shape of the R-branch for comparison with the pure rotation 
envelopes. A thermopile is described for use when the receiver area is square. The novel 
feature of this thermopile lies in the use of only one receiver for four junctions. Also 
the cold junctions stay at the temperature of the receiver for all temperature fluctua- 
tions which require a time greater than one minute. Drifting is consequently greatly 
reduced. Absorption cells are described which are useful for wave-lengths greater 
than 20u. The windows for these cells are made from 1 lacquer films covered with a 
50u layer of Kahlbaum paraffin. Interference effects are reduced to a minimum by the 
use of copper ribs across the windows, a device to prevent pressure changes in the cell 
so the windows will not bulge and mechanically accurate mounting of the cells. In- 
terference effects are also reduced because the beam passing through the cells has a 
large angular divergence. 


INTRODUCTION 


ANY interesting characteristics of the band spectra of polyatomic mole- 

cules can be determined with spectroscopic equipment which is incapa- 
ble of resolving the individual bands. We are indebted to Coblentz! for much 
of the pioneer work of this character for the near infrared bands. No systema- 
tic work of this character has been carried out, however, in the far infrared 
region where the pure rotation bands are found. Recently one of the authors? 
has applied the reststrahlen technique to spectroscopic studies in this region 
of the spectrum. The results obtained compare favorably, as regards the re- 
solving power, with the prism studies of gases in the near infrared region. It is 
the purpose of this paper to report investigations of gases in this spectral 
region. 


APPARATUS 


The description of the reststrahlen apparatus can be found in earlier 
papers.” However, a new thermopile not previously described was developed 
for this apparatus by one of the authors.’ A description of this and of the 
absorption cells is presented below. 


* National Research Fellow. 

1 W. W. Coblentz, Investigations of Infrared Spectra. 
2 John Strong, Phys. Rev. 37, 1565 (1931). 

§ John Strong. 
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New thermopile with one receiver 


The image of radiation which the thermopile is to intercept for the rest- 
strahlen apparatus is a square. A single receiver is less awkward to construct 
for this image than an array of separate receivers. For the thin rectangular 
image in a spectrometer this is not necessarily true. Fig. 1 shows the method 
of construction adopted for the reststrahlen thermopile. Each thermocouple 
consists of a pair of wires, each 1.5 mm long, soldered together at P. One wire, 
T, is a bismuth-tin alloy (95 percent Bi+5 percent Sn) and the other wire, A, 
is an antimony-bismuth alloy (97 percent Bi+3 percent Sb). The receiver, R, 
is made of silver foil and is 3 mm on an edge. One side is blackened (as de- 
scribed elsewhere’) with Welschbach mantle material. The other side is 
painted with a thinned lacquer. A scrap of high-melting paraffin attaches the 
hot junction to the receiver mechanically and thermally but not electrically 
because of the insulation afforded by the lacquer. Paraffin is better than other 
waxes for this purpose on account of its high heat conductivity. The cold 
junctions, C, are small pieces of No. 22 copper wire. These pieces take about 


£ 


a 
nl . 


TO GALVANOME TER R 


ee 














Fig. 1. 


twelve times as long to heat up as the thermoelectric wires because of their 
larger mass and specific heat. As a consequence of its being connected ther- 
mally to the receiver and taking a time of about one minute to come to 
thermal equilibrium with the receiver, the thermopile is not sensitive to a 
difference in temperature of the surroundings and consequently much objec- 
tionable drifting is avoided. On the other hand, the cold junctions do not 
change their temperature materially during the time required to make an 
observation. 

It is easy to show by calculation that the difficulty of making more than 
4 couples is not justified by the increased deflection. The data given below 
are calculated for a square receiver 3 mm on an edge. Values are given of the 
deflection of a thermopile for various numbers of junctions. In each case the 
total resistance of the thermopile is taken as 25 ohms, the critical damping re- 
sistance of the galvanometer used. It will be noted that four junctions give 88 
percent of the deflection given by six junctions. 

For a description of how these calculations were made and for further re- 
marks on the technique of making thermopiles, reference may be made to an 
article on this subject by one of the authors.‘ 


* John Strong, R.S.I. 3, 65 (1932). 
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TABLE I. 








Number of junctions 1 2 3 4 5 6 





Deflection with N junctions 





0.28 0.52 0.72 0.88 0.95 1.00 
Deflection with 6 junctions 








The absorption cells 


The absorption cells were constructed from 4 inch thin walled brass 
tubing. There were four cells each 6 inches long. The cells could be success- 
ively placed in the radiation path so that the radiation from the Globar source 
passed twice through the cell, once as it passed upwards to a concave mirror 
and again as it was reflected downwards by this mirror to a focus on the en- 
trance aperture of the reststrahlen apparatus. This apparatus has been de- 
scribed in an earlier paper.’ The mirror, source and entrance aperture were 
placed so close to the cell windows that the total length of radiation path for 
which the air was not dried with P.O; was only about 3 inches. The four cells 
were soldered to a wheel which could be rotated about a vertical axis. By 
rotation of this wheel through 90° one cell could be removed from the radia- 
tion path and another moved into the path. The wheel was so mounted that 
the position taken by the cells in the radiation path was accurately reproduc- 
ible. 

A 1p lacquer film was attached to each end of the absorption cells. The 
transmission of these films is great for wave-lengths greater than 20u.° After 
the lacquer windows were dry the window was brought in contact with hot 
molten paraffin (Kahlbaum 68—70°C, No. 3094). Kellner has found that this 
material is transparent for wave-lengths greater than 20u.’? The transmission 
throughout the far infrared has also been measured by Barnes.’ When the 
paraffin coating on the lacquer film has cooled, the resulting window is uni- 
form and of about 50y thickness. 

When these cells were filled with dry air and their transmission measured 
on successive nights the discrepancy in the measurements varied from 5 to 20 
percent, particularly at wave-lengths greater than 80u. It was thought that 
these variations might be due to interference effects because a cell placed in 
the radiation path showed some expansion of the windows due to heating of 
the gas in the cell. When this was avoided by putting two ribs across each 
window and closing the cell with a collapsed rubber toy balloon, these varia- 
tions were materially reduced. These ribs were made from No. 22 bare copper 
wire. They were laid on the window and attached by a hot knife, wetted with 
paraffin. The knife was touched to the paraffin window over 2 or 3 inches of 
the length of the wire at a time, thus sealing the wire to the film in a neat man- 
ner without affecting the uniformity of the paraffin coat. 


Measurements 


The measurements of gas transmission were made as follows: The four 


5 John Strong, Phys. Rev. 38, 1818 (1931). 
6 R. Bowling Barnes, Phys. Rev. 39, 562 (1932). 
7 L. Kellner, Geb. Sperling, Zeits. f. Physik 56, 215 (1929). 
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cells were initially filled with dry air (P20; towers) and the reststrahlen ener- 
gies transmitted by all these cells was measured. The Globar source was 
heated by a current from a 110 volt storage battery and an ammeter was 
used to test the constancy of this current. Two of the absorption cells were 
then filled with the gas to be studied. This gas was dry and prepared by a 
procedure which will be described later. Then the reststrahlen energies trans- 
mitted by the cells were again measured. The two cells containing dry air were 
used to free the results from dependence on the amount of moisture in the 
room air, from gradual decrease in emission of the source due to the batteries 
running down, and from possible variations in the reststrahlen apparatus 
which might arise from variations in the position of the crystal mirrors and 
filters. The ratio of the reststrahlen energy transmitted by the gas cell to that 
transmitted by the dry air cell was divided into the same ratio taken when 
both cells were filled with dry air to get the transmission of the gas alone. By 
using two gas cells the results could be checked as an insurance against mis- 
take. 

The materials used for this investigation were obtained as follows: acety- 
lene, ethylene, propane, nitrous oxide, ammonia, sulphur dioxide, and hydro- 
gen sulphide, all of high purity, were obtained from gas cylinders. Saturated 
vapors of water, chloroform, acetaldehyde and methyl! iodide were obtained 
from the respective pure liquids by bubbling dry air through them. Hydrogen 
chloride was prepared from sulphuric acid and sodium chloride, cyanogen 
from copper sulphate and potassium cyanide, and nitrogen peroxide from 
copper and concentrated nitric acid. In the latter case, the gas was first con- 
densed out in a tube immersed in a salt and ice bath and then evaporated into 
the absorption cell. Nitric oxide was prepared by the action of nitric acid 
upon arsenious oxide, the peroxide was frozen out with freezing mixture and 
the purified gas was then passed into the absorption cell. The air in the drying 
towers and absorption cells was displaced with nitrous oxide which was found 
to be transparent in the entire region we investigated. The gas thus obtained 
was still a little contaminated (a slightly yellowish tint) by the formation 
of nitrogen peroxide and trioxide with the traces of air in the apparatus. 

All the gases except water and ammonia were dried through phos- 
phorus pentoxide and concentrated sulphuric acid before they were intro- 
duced into the absorption cells. 


EXPERIMENTAL RESULTS AND DISCUSSIONS 


In this investigation, the absorption of fourteen gases has been studied. 
The results of twelve gases are represented in the following curves Figs. 2 to 
11 where the percentages of absorption are plotted against wave number. The 
circles, crosses and solid dots, denote results of different experiments. It 
can be seen that the error in the observations is probably less than 5 percent, 
although in some cases it is greater as will be pointed out in the individual 
descriptions. 

In this region of the spectrum the absorption bands are pure rotation, 
vibration, or possibly torsion-oscillation or rotation about a chemical bond. 
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In the case of symmetrical molecules, such as C:He, C2H,4, (CN)2, there should 
be no pure rotation bands, because these molecules do not possess a per- 
manent electric moment. But, on the other hand, they may have vibration 
bands in this region. The experimental results for each gas is discussed below. 


Acetylene 


The experiment on acetylene was carried out without the calibration of 
the empty cell. The results obtained were not plotted here but it is certain 
that acetylene does not have an absorption throughout this region more than 
5 percent for a path length of 12 inches. This result is to be expected. The 
existence of a pure rotation band is excluded by its zero electric moment. 
The vibration bands have been investigated by Mecke.* Although Mecke’s 
designation does not seem to be quite correct,’ it is certain that all the active 
fundamental bands are in a region of wave-length shorter than 20y. 


Ethylene 


Fig. 2 shows the absorption of ethylene. We can see that it has no absorp- 
tion greater than 5 percent. Theoretically, ethylene is expected to have no 
pure rotation band, for it has no permanent electric moment. But on the 
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other hand, it is not possible to fit all of the twelve fundamental frequencies 
of the normal vibrations of ethylene to the already discovered spectral data.* 
Consequently some active fundamental bands may possibly be in our region. 
It is possible, however, that these bands may be very weak or so narrow that 
they fall between our reststrahlen and hence escape detection. An example of 
how this may happen is seen in the case of the fundamental band of CS,"° at 
396.8 cm~', whose maxima lie at wave-lengths between those of the rest- 
strahlen of CaF: (23u) and calcite (27.3). 


8 R. Mecke, Zeits. f. Physik 64, 173 (1930). 
® Olson and Kramers, J. Am. Chem. Soc. 54, 136 (1932). 
10D. M. Dennison and Wright, Phys. Rev. 38, 2077 (1931). 
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Cyanogen 

Fig. 3 gives the absorption of cyanogen. It possesses two maxima, one 
near 52u and the other 94u. The former band has been predicted by Woo and 
Badger" from investigations of the ultraviolet absorption and identified by 
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them as the fundamental band of the active deformation oscillation. The 
interpretation of the band at 94u is unknown. The structure of cyanogen in 
the normal electronic state is probably linear and symmetrical and it has zero 
electric moment. These facts preclude the existence of pure rotation bands, 
but, on the other hand the vibration bands have all been located on the shorter 
wave side." 


Nitrous oxide 


The experimental results for nitrous oxide are given in Fig. 2. It has no 
absorption. Although the structure of this molecule is believed to be asym- 
metrical NNO,” its pure rotation band, if any, must be extremely weak on 
account of its exceedingly small electric moment. Even this weak absorption 
might, on account of the large moment of inertia of this molecule (J = 65.95 
X 10-*° g cm? !8) appear at longer wave-lengths outside the region we investi- 
gated. 


Propane 


Propane (see Fig. 2) also does not show any absorption. The non-existence 
of pure rotation band is supported by its zero electric moment. 


Hydrogen chloride 


Our experimental results on the absorption of hydrogen chloride are given 
as circles in Fig. 4, where the crosses represent the data of Rubens and von 
Wartenberg.“ A is a smooth curve representing these results. It is the ab- 
sorption of hydrogen chloride resulting from the pure rotation of the mole- 
cule. This band and also the vibration-rotation band of hydrogen chloride 
have been carefully investigated by other investigators. A very simple but 
definite relation between these two types of bands is derived from the follow- 
ing considerations. The intensity of the spectral line of frequency 


vj = vot jh/4r?A = v9 + »,; 7 = 1, 2,3,--- 


11S. C. Woo and R. M. Badger, Phys. Rev. 39, 932 (1932) and also paper to appear. 
2 E. K. Plyler and E. F. Barker, Phys. Rev. 38, 1827 (1931). 

13 The value of Plyler and Barker’s paper was misprinted as 59.4 x 107*°. 

4H. Rubens and H. von Wartenberg, Verh. d. Phys. Ges. 13, 796 (1911). 
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in the R-branch of a vibration-rotation band of a diatomic molecule is 


8x*v,N j h*(j? — j) 
I (vib. —rot.) = V2(0"", v’)(1 — ei! #7) — ex |---| 
i(v (o", (1 — Mt} exp | — 


3chdg je~-W i! *T 





where g; and V(v’’, v’) are respectively the quantum weight and the change 
of electric moment due to vibration. At a given temperature and for a given 


band we have 
I (vib. —rot.) t. xj | oe] 
AV1ID.—rot.) = const. ex > he F. 
ite 8x2AkT 


The constant arises because of the fact that the frequency of the rotational 
line, v,, is negligible in comparison with the vibration frequency, vo. 
The intensity of the rotational line of frequency 


v; = vy = jh/4n?A 


in a pure rotation band is 
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Now when we compare the intensities of the lines in the R-branch of a vibra- 
tion band with those of the corresponding lines in the pure rotation band we 
obtain the following simple relation: 
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Consequently, the relative intensities of the rotational lines in the R-branch 
of a certain vibration band can be used to calculate the relative intensities of 
the pure rotation lines. We have carried out this calculation to get the shape 
of the pure rotation band for hydrogen chloride. In Fig. 4 curve C represents 
the intensity distribution plotted against the rotational frequency in the R- 
branch of the vibration band of hydrogen chloride. Curve B was calculated 
from curve C by the above simple relation. The agreement between B and our 
experimental curve A is very good. 


Ammonia 


The absorption of ammonia is given in Fig. 5. The strong absorption shows 
the pure rotation band whose fine structure has been carefully investigated by 
Badger and Cartwright.'® The results of intensity distribution among the 
rotational lines by those authors agree very well with the envelope we have 
obtained for the band; for example, the maximum of absorption in both cases 
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appears at v,=125 cm. Considerations, as in the case of hydrogen 
chloride, of the relation between the intensity distribution in the R-branch 
of a vibration band and that in the pure rotation band can be applied here 
with certain modifications. These modifications are necessary because the 
ammonia molecule has a more complicated structure. Ammonia can be re- 
garded as a symmetrical top which possesses two different moments of inertia. 
Two types of vibration bands," parallel and perpendicular, can be distin- 
guished depending upon whether the change of electric moment during the 
absorption of radiation is along or perpendicular to the axis of symmetry. The 
structure of the parallel bands alone would be similar to the pure rotation 
band because the permanent electric moment which gives rise to the pure 
rotation band is along the axis of symmetry. By applying the same formula 
developed above for hydrogen chloride, we can obtain the pure rotation ab- 
sorption envelope from the R-branch of a parallel vibration band. In Fig. 5 A 


1% R. M. Badger and C. H. Cartwright, Phys. Rev. 33, 692 (1929). 
1% D. M. Dennison, Rev. Mod. Phys. 3, 280 (1931), 
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is our experimental curve and B represents the envelope of the R-branch of a 
parallel band modified by the above Eq. (1). We cannot say what interpreta- 
tion is to be placed on the absorption between 23yu and 32.8y. 


Nitric oxide 


In Fig. 6 are given the results of the absorption of NO. The circles, crosses 
and solid dots represent data of three separate series of experiments. On 
account of the difficulty of preparing pure nitric oxide absolutely free from 
traces of air in the absorption cells, the results of the three series of experi- 
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ments do not agree very well. The band beginning at 94u, however, is cer- 
tainly pure rotation band of nitric oxide and agrees very well with the 
calculated band with the maximum of absorption at about 50 cm. The fun- 
damental band of nitric oxide has been located at 5.30u'’ and hence the bands 


at 29.4u and at 23yu are probably bands of nitrogen trioxide or of other higher 
oxides of nitrogen. 


Nitrogen peroxide 


Nitrogen peroxide seems to show two maxima of absorption (see Fig. 6). 
Not so much is known about the structure of this molecule and, further, the 
matter is complicated by the presence of nitrogen tetroxide. 


Methyl iodide 


Within our experimental error, methyl iodide does not show any absorp- 
tion in the region investigated. The molecule should have the structure of a 
symmetrical top, and hence a permanent electric moment lying along the 
axis of symmetry. The absence of absorption in our region indicates that the 
moment of inertia J, of this molecule is so large that its pure rotation band 
lies entirely beyond 152y or at least 1174. The lower limit of J, in order to 
show absorption at 152yu is about 25 X 10~-*° g cm?, assuming that when j = 30, 
the intensity of absorption becomes negligible. 


17 Snow, Rawlins and Radeal, Proc. Roy. Soc. London [A] 124, 453 (1929). 
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Chloroform 
This compound has absorption bands with maxima near 52u and 94y 
(Fig. 7). This band is probably one of the vibration bands of chloroform, be- 
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cause this compound should have the structure of a symmetrical top with so 
large a moment of inertia J, that its pure rotation band would fall outside of 


the region we investigated. 


Water 

Fig. 8 gives the results of two series of experiments. There appear two 
maxima of absorption, one at 94u and the other 52u. In this case, the cells 
were filled with air saturated with water vapor at 19°C. 
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Hydrogen sulphide 
The experiment with hydrogen sulphide was carried out without calibra- 
tion of the empty cell (Fig. 9). 
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Sulphur dioxide 


This compound has very strong absorption bands in the region of the 
spectrum investigated. In Fig. 10 the results of three series of experiments are 
shown. The circles represent the data obtained at the earlier period of our in- 
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vestigation, when the empty cells were not calibrated, while the crosses and 
solid dots give the results of the experiments carried out with the calibration 
of the empty cells. Except for two points of the first series of experiments, all 
the data fall on the smooth curves which have the same positions of the 
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maxima and minima of absorption. The approximately parallel displace- 
ments of these curves show different values of the absolute percentage of ab- 
sorption, which resulted from the different conditions obtained in the absorp- 
tion cells. 
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DISCUSSION OF THE RESTSTRAHLEN TECHNIQUE 


Fig. 12 gives the absorption of a cell filled with CS. vapor. This result is in 
agreement with a previous investigation for a 4-inch rather than a 12-inch 
radiation path. The absorption of CS, is given by the one point at 23u. The 
absorption at other wave-lengths is due to the paraffin on the cell windows. 
This result, if we interpret the data as indicating a band for CS. at 23y, is not 
in very good agreement with the grating data of Dennison and Wright.® They 
find three maxima midway between the 23 and 27.3u reststrahlen. Also their 
absorption is strong while that observed by the reststrahlen method is rela- 
tively weak. 

This weakness of the reststrahlen technique, namely, that a band may 
occur between two of the points and be badly represented or possibly missed 
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entirely, is only serious where the moment of inertia is large and conse- 
quently the absorption bands are narrow or where the spacing between the 
reststrahlen wave-lengths is large. Both conditions apply to CS, as it has a 
large moment of inertia and the gap between 23 and 27.3u is the largest 
gap in the region investigated. 

Because the prism technique (using KBr and KI prisms) may now be 
applied to 40u, the usefulness of the reststrahlen technique will probably 
be confined to wave-lengths greater than 40u. Between 40 and 152y there are 
20 reststrahlen bands available as compared with the 7 which were actually 
used in this investigation. When these are used together with the two bands 
at 218 and 343y which are obtainable by the method of focal isolation, it can 
be said that the results are approaching the limit obtainable by other than 
the grating technique. There is, however, the possibility of applying the 
reflection characteristics of very rough surfaces to the isolation of wave- 
lengths greater than 343y. 
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The Infrared Spectrum of H?Cl 


By J. D. Harpy,* E. F. BARKER AND D. M. DENNISON 
University of Michigan 


(Received August 29, 1932) 


The fundamental absorption band due to HCI molecules involving the heavier 
isotope of hydrogen has been observed, using a cell 700 cm long with gas at atmos- 
pheric pressure. It lies in the region of 4.84. Both ordinary HCl and samples enriched 
in H? were examined. Nineteen lines have been measured in the band of H?CI*, and 
seventeen in the band of H?CI*’. The estimated abundance of H? relative to H! is 1 to 
35,000. 

A satisfactory equation has been developed for the positions of these lines on the 
basis of measurements by Meyer and Levin upon the bands of H'!Cl, assuming identical 
dimensions and force fields for both molecules. The parameter p of this equation, 
representing the ratio of the reduced masses for H?Cl and H'Cl, has been adjusted 
to give the best agreement with the observed frequencies, and is found to be 
p=0.514430 + 0.000004. Sources of error other than those involved in the observa- 
tions are discussed, and an attempt is made to evaluate them. When these are taken 
into account, the values indicated for the mass of H? (on the scale H!'=1.00778 for 
the mass defect are: mass H?=2.01367 +0.00010, mass defect =0.00189 +0.00010. 
These values are compared with the results obtained by Bainbridge with the mass 
spectrograph. 

$1 

HE existence of a heavier isotope of hydrogen, recently discovered by 

Urey, Brickwedde and Murphy' suggests the search for band spectra due 
to molecules containing hydrogen nuclei, since the very large relative dif- 
ference in mass between H! and H? must result in isotope displacements of 
correspondingly large frequency. Naturally the first substance to be chosen 
for such a study is HCl, both because of the simple character and accessible 
position of its fundamental band, and because its spectrum has already been 
investigated so thoroughly. A comparison of the bands due to H'!Cl and H?Cl 
should yield a very reliable estimate of the relative abundance of the two 
species of hydrogen, and also provide a precise determination of the ratio be- 
tween their masses. 


§2 


From the first reports of relative abundance it appeared that there should 
be little difficulty in locating the H*?Cl fundamental band without essential 
changes in the apparatus already in use. However, a careful examination of 
the region in which the band was expected, showed no trace of absorption 
lines in radiation which had traversed 30 cm of gas at atmospheric pressure. 
According to the data of Meyer and Levin this is more than 3000 times the 
minimum path length necessary for measurements upon the H'Cl band at 


* National Research Fellow. 
1H. C. Urey, F. G. Brickwedde and G. M. Murphy, Phys. Rev. 40, 1 (1932). 
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3.46u. The path length in HCl was then increased to seven meters, which 
would ensure the detection of the band even if H?Cl should be present only 
to the extent of one part in 10° of H'Cl. This was the maximum length which 
could be conveniently fitted into the room, and proved to be quite adequate 
for the purpose. 

A plan of the optical system is shown in Fig. 1. The cell was constructed 
of galvanized iron tubing eight inches in diameter, and coated heavily inside 
with paraffin. The windows were of heavy mica, firmly cemented and clamped 
so as to withstand variations of pressure up to 40 mm of mercury. This was 
necessary to allow for changes of atmospheric pressure outside, and of gas 
pressure within the cell. Since it was not feasible to move this long cell into 
and out of the beam, measurements have been made only by comparing 
curves obtained with the cell filled with dry air and then with HCl. This 
procedure gives satisfactory results whenever the background is fairly clear, 
and fortunately the atmospheric absorption between 4.64 and 5.1 consists 
only of scattered narrow lines due to H,O and possibly CO,. The HCI gas was 


[ eee cesecessssnsseses ee ae ; 


fener 


SOU peta SPECTROMETER 





+z 


























| 


Fig. 1. Plan of spectrometer, fore prism and absorption cell. 





at first obtained in the usual manner from sodium chloride and sulphuric 
acid, and allowed to flow directly from the generator into the cell, slowly dis- 
placing the air. In the samples thus prepared the first indications of a mole- 
cule of H*Cl were found. However the impurities in the salt developed a trace 
of CO which has a very strong absorption band in this same region, so that 
many of the H?Cl lines were completely hidden. This difficulty was eliminated 
by generating the HCI from distilled water which was dropped slowly upon 
pure phosphorus pentachloride. As the gas evolved it was frozen out in a large 
trap cooled in liquid air, and then slowly evaporated into the cell, a small 
residue being discarded so that moisture and other impurities were effectively 
avoided. The air displaced from the cell was passed through a second trap 
immersed in liquid air to prevent the escape of HCI. After some hours the 
contents of this trap were distilled back into the cell by transferring the liquid 
air to the first trap. A number of repetitions of this process made it possible to 
bring the concentration of HCl in the tube up to about 96 percent. The gas 
pressure inside the cell was kept about 10 mm above that of the atmosphere 
because HCI slowly disappears due to chlorinization of the paraffin. A test 
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for purity was made each day before taking observations. This consisted in 
the removal of a small amount of gas from the tube into a flask which had 
first been evacuated. The flask was then immersed in liquid air to freeze out 
the HCl, and the concentration determined from the resulting change in 
pressure. 

Professor Urey suggested to us that a somewhat enriched source of the 
heavier hydrogen could be obtained from the electrolytic residue taken from 
cells in which commercial hydrogen is made. A sample of this residue was 
very kindly sent to us by Dr. Rohrer of the Ohio Chemical Company. It was 
distilled in order to eliminate the rather large amount of alkali contained in 
it, and then used to generate the gas with which most of our observations were 
made. The resulting increase in intensity of absorption made the measure- 
ments both easier and more precise. 

The source of radiation for this experiment was a Nernst glower which 
was mounted directly in front of the cell window and exactly at the focal 
point of a concave mirror of 15 cm aperture and one meter radius. Placing the 
source in this position caused a minimum of distortion of the image and a 
minimum loss of energy due to divergence of the beam as it passed through 
the cell. At the spectrometer end of the tube the radiation fell upon a second 
concave mirror and was brought to a focus on the slit of the fore-prism 
spectrometer. From this slit it was collimated, sent through a large rocksalt 
prism, and finally brought to a focus upon the first slit of the grating instru- 
ment. The salt prism satisfactorily separated the first order of 4.8u from the 
second order of 2.4u. As a test of the separation, readings were made by ad- 
justing the prism with the grating set at 4.8u for maximum deflection and 
at 2.4u for minimum deflection. These measurements showed the spectrum 
at 4.8u to be contaminated with about 18 percent of second and third order 
impurity. The amount of impurity in the spectrum is of importance only in 
determining the intensities of the lines. 

The grating spectrometer was built by one of us and has been described 
in previous papers. The grating had 4800 lines to the inch and a ruled surface 
of 4X5 inches, and was designed for concentration of the energy in the region 
around 5y; its figure was found to be good and the lines it produced were very 
sharp. The calibration was carried out by means of the helium line at 
10,830.32A, in the third, fourth and fifth orders. These lines were very strong 
and sharp and their positions could be determined to half a second of arc. 
The temperature of the room during the entire experiment was kept constant 
to within a degree centigrade and no correction was needed for change in 
grating constant due to temperature. 

Slit widths varying from 0.15 mm to 0.25 mm were used, most of the 
measurements being made with 0.2 mm slits. The spectral range across the 
slit was then 9A or 0.4 cm~. The corresponding deflections were about 60 cm 
with the seven meter cell. The steadiness of the detecting system was such 
that readings could usually be repeated to within one percent. The detecting 
device consisted of a single junction thermocouple connected to a Leeds and 
Northrup H.S. galvanometer, which in turn actuated a Pfund amplifier, so 
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Fig. 2. The H?Cl fundamental band. Positive branch above, negative branch below. 
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that the final deflections were about seven hundred times as large as would 
have been observed upon the first galvanometer at one meter. 

In order to estimate the effectiveness of the instrument with the long 
cell, the lines of the band due to H'Cl were observed as far out as possible 
on the negative branch. The faintest line that could be measured was the 
weaker component of —16. The ratio between its intensity and that of the 
strongest line (+3) is approximately 1:270,000. The positions of the major 
components of lines —14 and —15 were determined carefully, and found to 
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Fig. 3. Six lines of the positive branch in detail. Divisions on the horizontal scale are minutes, 
and correspond approximately to wave numbers. 


be 2544.10 cm! and 2516.07 cm™ respectively, while the corresponding 
values, computed by extrapolating the series of Meyer and Levin, are 2544.11 
and 2516.03. This agreement is particularly gratifying since their observa- 
tions were made upon a different instrument, with a different grating, and 
calibrated in terms of the Hg line 1.014. 

A survey of the background was made with dry air in the cell, to deter- 
mine the positions and intensities of the atmospheric absorption lines, and 
this was followed by a similar set of observations upon HCl, other conditions 
being kept as nearly the same as possible. The absorption lines due to H?C]** 
were unmistakable. Nineteen lines of easily measurable intensity were found 
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in which no serious distortion due to background appeared. In most cases 
the weaker component due to H?CI*? could also be observed. Fig. 2 is a plot 
of the entire band as measured with the seven meter cell filled with gas from 
the electrolytic residue. Galvanometer deflections are plotted against wave- 
lengths, and atmospheric absorption lines have been omitted. A few of the 
weaker component lines on the negative side are absent because they were 
hidden or so badly distorted that their positions could not be determined 
satisfactorily. 

After these lines had been located each one was remeasured with care, its 
contour being determined by at least five or six points taken at fifteen-second 
intervals on the circle. A few of the lines were measured several times as a 
test of consistency and it was found that their positions could be reproduced 
to within about two seconds of arc, which corresponds to +0.02 cm~. It 
seems safe to assume an experimental accuracy of about +0.05 cm™ across 
the whole band. In Fig. 3 are shown several lines of the positive branch 
plotted in detail. To arrive at an estimate of the percent absorption the undis- 
turbed background was assumed to be completely transparent, and all the 
other readings on a line reduced to the same scale. Corrections were made for 
spectrum impurities due to slight overlapping of higher orders. 

The absorption curves for the unenriched sample provide a means of de- 
termining the relative abundance of H? and H?’. Since the absorption per- 
centages are not very large, and the resolution is high, there is no considerable 
error in assuming that the area under any line is proportional to the integral 
of the absorption coefficient over the line. Thus the relative path lengths 
necessary for equal intensities of absorption may be determined for any pair 
of lines. The differences in transition probabilities must be taken into account, 
and also the differences in population of the various rotation states, since both 
the amplitude of vibration and the Boltzmann factor depend upon the re- 
duced mass. Computations upon this basis indicate that H?Cl is present in 
the ordinary gas in a concentration of about one part in 35,000 of H'Cl and 
that the enriched sample has a concentration about ten times as great. 

In determining the frequencies of the various lines it is necessary to cor- 
rect for the index of refraction of air, the values of which were obtained from 
the work of M. Rusch.? His data indicate that n—1=28.9X10~ is probably 
a satisfactory value for both the 3.54 and 5yu regions. This correction is 
slightly different from the one used by Meyer and Levin, but the difference 
has been taken into account in comparing our results with theirs. Table I 
shows the observed frequencies reduced to vacuum for the nineteen lines in 
the H*Cl** band. These are compared with a set of computed values, and the 
differences, column 4, lie for the most part within the limit of observational 
error. Instead of listing the frequencies of the minor components due to ab- 
sorption by H?Cl*’, the table indicates in column 5 their displacements from 
the corresponding major components. These displacements have also been 
calculated, and the differences are shown in column 7. The formulae by 
which the calculated values were derived is discussed in $3. A few of the 


2M. Rusch, Ann. d. Physik 70, 373 (1923). 
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TABLE I, 
Frequencies Dif. Isotope separations Dif. 
Line Obs. Cale. Obs. Calc. 
—9 1986.07 1986.11 +0 .04 2.76 2.68 —0.08 
—8 1998 .53 1998 .56 +0 .03 
—7 2010.76 2010.82 +0 .06 3.04 2.76 —0.28 
—6 2022.85 2022.87 +0.02 2.91 2.79 —0.12 
—5 2034.73 2034.72 —0.01 2.88 2.83 —0.05 
—4 2046.38 2046.36 —0.02 
—3 2057.79 2057.78 —0.01 2.93 2.91 —0.02 
—2 2068 .95 2069 .00 +0 .05 3.13 2.94 —0.07 
—1 2079.98 2080 .00 +0.02 3.04 2.97 —0.07 
_+1 2101.28 2101.33 +0.05 3.04 3.03 —0.01 
+2 2111.69 2111.65 —0.04 3.06 3.06 0.00 
+3 2121.81 2121.75 —0.06 3.10 3.09 —0.01 
+4 2131.62 2131.62 0.00 3.12 3.11 —0.01 
+5 2141.29 2141.24 —0.05 3.45 3.15 0.00 
+6 2150.64 2150.63 —0.01 3.19 3.17 —0.02 
+7 2159.81 2159.78 —0.03 3.22 3.20 —0.02 
+8 2168 . 66 2168.67 +0.01 3.29 3.22 —0.07 
+9 2177.34 2177.32 —0.02 3.19 3.24 +0.05 
3,24 3 


+10 2185.74 2185.72 —0.02 


.26 +0 .02 








residuals in column 8 are larger than the error in observation, and these, as 
well as the larger ones in column 4, are probably due to displacements re- 
sulting from blends with weak atmospheric lines. The measurements on the 
minor components are probably also somewhat less accurate. 


§3 


The first step in comparing the infrared bands of H!Cl and H?Cl, and 
eventually in obtaining the ratio of the masses of H' and H?, is to assume that 
the force fields and dimensions of the two molecules are identical. This as- 
sumption appears to be fully justified both on theoretical and experimental 
grounds. From the theoretical side, the principal difference which might 
occur would be caused by a difference in the spins of the two hydrogen nuclei. 
The normal electronic state of HCl is a = state and consequently the nuclear 
spin of the hydrogen would be coupled with the nuclear spin of the chlorine 
and with the field produced by the rotation of the molecule. In either case 
the coupling energy is so extremely minute that the change in the energy 
states or in the force field would be quite too small to be measurable by 
spectroscopic means. From the experimental side the assumption is justified 
by the fact that all the band spectrum measurements on molecules containing 
isotope nuclei may be consistently correlated when the force fields in the 
molecules are taken to be identical. 

The second step in the analysis is to show how the bands of H'Cl and 
H°Cl are to be related. To do this we use the equation developed by Fues* 


* E. Fues, Ann. d. Physik 80, 367 (1926). 














286 J. D. HARDY, E. F. BARKER, D. M. DENNISON 


for the energy levels of a rotating dipole. The frequencies of the lines of the 
fundamental band are given by the expression, 


vy = (vo — AC /4x*I — v1 B/4) , 
+ (h/4n?I — 2n,B — hk?/8x7I)J (1) 
— wBJ* — hk®J*/2n7J. 


The constant vp varies as w~!/*, J as p', k? as wo! and mB as pw?” where up is 
the reduced mass of the system. The constant C is independent of yu. 

These constants which determine the positions of the infrared lines have 
been very accurately deduced by Colby‘ from the measurements by Meyer 
and Levin.' Their values, slightly modified on account of the difference in the 
factor used for reduction of the wave-lengths to vacuum are as follows: 
vp = 2989.24 cm; B=0.3030; h/4a°7=21.1678, hk?/40?J =0.00106; 
hC/4n?I = 103.40. , 

If the ratio of the reduced mass of H'!Cl to the reduced mass of H?C1 is 
is called p, the equation for the lines of the fundamental band of H?Cl may 
be written, 

vy = (2989.24p'/2 — 103.40p — 0.076p*/?) 
+ (21.1678 — 0.6060p*/? — 0.0005p2)J (2) 
— 0.3030p3/2J2 — 0.0020p2/%. 


One of two courses may now be followed. The observed lines of H?CIl may 
be expressed by means of an equation of the above type using a least squares 
solution, and the coefficients of J°, J, J? and J* equated to their corresponding 
theoretical values. Four independent values for p would thus be obtained, 
which should of course be consistent. However, the value determined from 
the constant term would be about ten times more accurate than that found 
from the coefficient of J, and the values obtained from the J? and J* terms 
would be still far less reliable. 

A second procedure, and the one which was actually followed, is to choose 
a value of p and compute the corresponding positions of the lines. The posi- 
tions so determined may then be compared with the frequencies of the nine- 
teen observed lines. The differences between the observed and theoretical 
frequencies serve to fix a first order correction to p. Thus after a few approxi- 
mations a value of p is obtained for which the sum of the residuals is zero. 
If all the residuals are within the experimental error and furthermore show 
no systematic trend, it is certain that a consistent method has been found 
for comparing the two bands. 

The final equation (theoretical) which we obtain for the lines of the H?Cl 
band is, 

v = 2090.78 + 10.666J — 0.11187? — 0.00056/*. (3) 


This corresponds to a value of p=0.514430. 
The agreement between the observed and computed frequencies is 
shown in Table I and is very good indeed. The residuals are all very small, 


*W. F. Colby, Phys. Rev. 34, 53 (1929). 
°C. F. Meyer and A. A. Levin, Phys. Rev. 34, 44 (1929). 
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of the order of the experimental error and show no appreciable trend. The 
average value of these residuals divided by the square root of the number of 
observations is a measure of the probable error in fitting the theoretical equa- 
tion. This again may be used to obtain the probable error in p. We find that 
p =0.514430 + 0.000004. 

The method of deriving the mass of the H? nucleus from p requires an ad- 
ditional assumption concerning the nature of the vibratory motion of the 
HCl molecule. (The validity of this assumption will be discussed in §4.) The 
reduced mass y is in first approximation equal to mM/(M-+m) where m and M 
are the masses of the two nuclei. In higher order of approximation the motion 
of the electrons during the vibration must also be accounted for. wu might still 
be set equal to mM/M-+m where m and M now represent effective masses 
of the nuclei. The magnitude of the permanent electric moment of HCl 
shows that the electrons may be thought of as having a distribution such 
that the electronic charge about the H nucleus is on the average # of an elec- 
tron and that about the Cl nucleus is 17+ electrons. The intensity of the 
fundamental band shows that the effective moving charge to be associated 
with the vibrating dipole is that of } electron.® 

From these two data it seems natural to assume that the effective masses 
m and MM should be set equal to the mass of a hydrogen atom minus one-fifth 
of an electron and the mass of a chlorine atom plus one-fifth of an electron. 

Let m, and m, be the effective moving masses of H' and H? respectively, 
and let J/ be the effective mass of Cl. Then 


p = pi/pe = [m,M(mz + M)]/[(m, + M)m.M | 
ms = m,/|p — (m,/M)(1 — p)). 


In mass units the mass of an H! atom is 1.00778 and that of an electron 
is 0.00055. Thus 


or 


m, = 1.00778 — 0.00011 = 1.00767 
M = 34.983 + 0.00011 = 34.983. 


On substituting these values, together with the observed value of p we ob- 
tain, m.=2.01356+0.00002. 

The mass of an H? atom referred to H! is therefore m.+ electron or, 
H? = 2.01367 + 0.00002. 

The mass of an H? nucleus is, H+ =2.01312+0.00002, and the mass 
defect is H?+—(H!+H!*) = —0.00189 + 0.00002. 

Before proceeding to a discussion of the errors involved in our determina- 
tion of the mass of the H? atom, it will be remarked that the satellite lines 
shown in Figs. 2 and 3 may be attributed to the molecule H?CI*’. The spacing 
of these satellites from the parent lines may be derived theoretically in a 
manner entirely similar to that used in finding the positions of the H*CI** 
lines themselves. This difference may be expressed as a function of the line 
number J and has the following form (the contribution of the term cubic in 
J is here negligible), (H®CI**) — (H?CI5”) = 3.00+0.0311J —0.00049J*. 


® D. M. Dennison, Phys. Rev. 31, 503 (1928). 
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Table I contains a comparison of the measured and observed values of 
these displacements, and it is seen that the agreement is very satisfactory 
indeed. The residuals are somewhat larger than those of the lines of H®C|*5 
which is not surprising since the lines of H*Cl*’ are weaker and their positions 
are not as accurately determined. 

$4 

A probable error has been appended to the values for the mass of H? but 
this error represents merely the exactness of the agreement between the ob- 
served lines and positions computed from our formula. There are however 
other possible sources of error (systematic errors, errors in assumptions) 
which we will now discuss. 

Our measurements are related to the constants derived by Colby from 
the data of Meyer and Levin. These observations were made on a different 
spectrometer using a different grating and the question of their accuracy 
becomes of great importance. Aside from the fact of the self-consistancy of 
Meyer and Levin’s data (i.e., the small residuals between the observed posi- 
tions of the lines and the positions predicted by Colby’s formula) we have 
one independent test of their accuracy. As mentioned earlier, two of the 
outer lines, —14 and —15, of the fundamental band of H'!Cl*®* were measured 
on our spectrometer. These positions agree with the positions derived from 
Colby’s equation to within the experimental error. This check insures that 
the calibration of both instruments was alike and furnishes a strong verifica- 
tion of the correctness of Colby’s constants. The error which might be intro- 
duced from this source is therefore about equal to the probable error which 
we have given above. 

A second possible source of error which must be investigated involves the 
range of validity of the Fues equation giving the energy of a rotating vibrator. 
An examination of this equation shows that the only term which might in- 
troduce an appreciable error is the constant term. The quantity v» represents 
the zeroth order contribution to the frequency. The anharmonic part of the 
force function produces no effect in first approximation but in second ap- 
proximation gives rise to the term —hC/47°J. It is to be expected that a 
fourth order perturbation would introduce a term, say 3D, of which no ac- 
count is taken in the Fues equation. Thus the energy of vibration could be 
written as a function of the vibrational quantum number v as follows; 


W./h = A + vov — hCv?/8x7T + Dr. 


This new term would be important in the present investigation since, 
while vo transforms as p'/? and hC/87°J as p, D would transform as p*'?. Since 
vo is of the order 3000, and hC/87°J of the order 50 we might expect D to be 
perhaps as large as 1. If this were the case the error in our determination of 
the mass of H? would be about 20 times as large as the probable error indi- 
cated. There are very good grounds for believing that this is not the case, 
however, and that D is much smaller than 1. In the first place the residuals 
shown in Table I are of the order of the experimental error and show no ap- 
preciable trend. This latter feature, the absence of trend, shows that the 











INFRARED SPECTRUM OF H°Cl 





289 


constant and linear terms of Eq. (3) are consistent, or in other words that 
the constant and linear terms transform in the manner indicated in Eq. (2). 
Thus the general consistency of our results shows that D must be consider- 
ably smaller than 1. 

It would be possible to determine the value of D if a sufficient number of 
the overtone bands of HCI were known experimentally. This is unfortunately 
not the case but such series are known for many diatomic molecules and it 
is found that D is always extremely small and in most cases may be set equal 
to zero. The success of the Morse’ potential function is largely due to this 
fact. In conclusion we estimate that the error introduced into the mass of H? 
from this cause cannot be of a larger order of magnitude than the probable 
error we have given. 

Finally the assumption as to the magnitude of the effective moving masses 
m and MM which enter the expression for u must be considered. The effective 
inertia of the system depends not only upon the nuclear masses but also upon 
the masses of the electrons. The intensity of the fundamental band of HCl is 
consistent with the supposition that on the average # of an electron moves 
with the H nucleus and 17} electrons move with the Cl nucleus. It seems 
reasonable therefore to assume that the effective moving mass m is equal to 
the mass of a hydrogen atom minus } electron. In higher approximation this 
would be somewhat altered, perhaps by an amount of the order of } the cor- 
rection already introduced. This would mean that the error introduced 
would be about 0.00002 mass units, i.e., the same order as the probable error. 

It has been shown that in addition to the probable error derived from the 
residuals of Table I, there are three independent sources of possible error, 
all of this same order of magnitude. These possible errors cannot be evaluated 
in detail but we estimate that their combined effect would be very liberally 
covered by a factor of +0.00010. 

Our final values for the mass of an H? atom and of the mass defect in mass 
units (0=16) are therefore, 


H? = 2.01367 
Mass defect = 0.00189 


0.00010 
0.00010. 


These values agree quite satisfactorily with the results obtained by Bain- 
bridge® using the mass spectrograph. He gives H?=2.01353+0.00006 and 
mass defect = 0.00203 + 0.00006. 

Note added in proof, September 26, 1932: It should perhaps be remarked 
that we have expressed our results relative to the mass of H'=1.00778. If 
this value is in error by an amount e, our value for H? would be in error by 
2e. However, in first order the mass defect is independent of any small error 
in the mass of H'. In a similar manner the result obtained by Bainbridge for 
the mass of H? is given relative to the mass of H'. Dr. Bainbridge has informed 
us that his probable error of 0.00006 must be increased to 0.00018 if his value 
of H? is referred to 0=16 rather than to H'=1.00778. 


7P. Morse, Phys. Rev. 34, 57 (1929). 
§’ K. T. Bainbridge, Phys. Rev. 41, 115 (1932); 42, 1 (1932). 
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A Self-Recording Cosmic-Ray Electrometer 
and Depth-Ionization Curve 


By J. M. BENADE 
Forman Christian College, Lahore, India 


(Received August 30, 1932) 


A self-contained automatic recording electrometer connected to a collecting rod 
in a thin steel-walled ionization chamber was used to measure intensity of cosmic 
rays at various depths in Konsar Nag, Kashmir. The lake is about 280 ft. deep. Its 
surface is about 11,600 ft. above sea-level and its water is practically free from radio- 
active matter. The electrometer consists of two short parallel phosphor-bronze 
ribbons attached at one end only. Their divergence is recorded photographically at 
eight minute intervals, and at the end of each hour the fibers are automatically re- 
charged. The temperature, depth, and position of the instrument with respect to the 
vertical, are also recorded along with electrometer deflections. The curve obtained 
corresponds to those of Millikan and Cameron to a depth of 50 meters but at greater 
depths it more closely parallels that of Regener. The slopes of these curves at any 
particular depth seem to depend upon the type of ionization chamber as well as upon 
the intensity of the cosmic radiation at that depth. 


INTRODUCTION 


N ANY ionization chamber used to determine the intensity of penetrating 

radiation, at considerable depths under water, a relatively large amount 
of ionization must take place when the instrument is near the surface while 
being lowered or raised. If the electrometer is of a type in which the deflec- 
tions must be read directly while the instrument is at the surface of the water, 
a considerable correction will have to be made in order to obtain the actual 
rates of ionization at any particular depth. The relative magnitude of this 
correction is independent of the sensitivity of the electrometer, if the natural 
leak, be negligible. These corrections can of course be made but a considerable 
amount of labor is involved which can be avoided by using a self-recording 
instrument. 

In 1928-29 a completely automatic self-recording electrometer was de- 
signed and constructed; but unfortunately before any useful data were ob- 
tained the instrument was lost at the bottom of a deep mountain lake in 
Kashmir. A new instrument was, however, constructed with which, in the 
summer of 1931, the data for the curves shown in Fig. 4 were obtained. 


APPARATUS 


Fig. 1, drawn approximately to scale, shows the construction of this in- 
strument. The ionization chamber is at one end of a thin-walled steel cylinder 
of which the volume is 7330 cc. This chamber contained air at a pressure of 
11.94 atmospheres when at a temperature of 0°C. Into the center of this 
chamber projects the collecting wire, supperted by an amber insulator. This 


290 























SELF-RECORDING COSMIC-RAY ELECTROMETER 291 
collecting wire together with the electrometer ribbons has an electrical ca- 
pacity of 1.86 e.s.u. On the end of this collecting wire are fixed by means of 
very small clamps two parallel pieces of phosphor-bronze ribbon each about 
8 mm in length. When uncharged the free ends of these ribbons stand about 
0.1 mm apart and when charged to 125 volts they separate to a distance of 
nearly 1 mm. This corresponds to distances between the shadows on the pho- 
tographic film of from 3 to 20 mm. It may be noted incidentally that phos- 
phor-bronze ribbon or other fine metallic ribbon serves very nicely the pur- 
poses of the ordinary gold leaf electroscope, especially when used with a 
projection lantern, or with a reading microscope in which case it may be 
made very small. Such an electroscope has several advantages. It is easily 
made, may have very small capacity (only a fraction of a cm), can be 
mounted in any position, is quite rugged, and is portable. 
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Fig. 1. Self-recording cosmic-ray electrometer. While in use the instrument floats under water 
with the ionization chamber upward. 


On one side of the tips of the electrometer ribbons is mounted a small 2.5 
volt lamp with condensing lenses and on the opposite side a 3 in. microscope 
objective which together with two 90° prisms produces a well-defined shadow 
of the ribbons on a photographic film above. The film (6 cm in diameter) is 
mounted on a disk which in turn is mounted on a clock and makes one rota- 
tion in 12 hours. The photographic film rotates behind a narrow radial slit 
through which light enters for each exposure. By means of three separate 
circuits each controlled by the clock the electrometer is connected for an 
instant to a high potential battery through a protecting resistance at the 
beginning of every hour. The lamp lights up for about 2 seconds at eight 
minute intervals. At the end of an hour the electrometer is short circuited for 
a zero deflection record. The charging and discharging are done by means of 
electromagnetic devices mounted in a brass box which contains the electrome- 
ter ribbons and optical system as well as two large calcium chloride con- 
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tainers which open into the ionization chamber. In the next compartment 
are the batteries packed about a central brass tube through which the beam 
of light passes to the recording film. The upper end of the case is closed by a 
heavy steel plate bolted to a thick steel ring with a tongue and groove joint. 
To this ring is riveted the thin steel case. Above the cover plate are mounted 
the clock, pressure gauge, bimetallic thermometer, level and battery ter- 
minals. These are covered by a large cap which fits into a groove with a rub- 
ber gasket and is held in place by five bolts with knurled thumb-nuts. This 
cover is removed when an exposed film is to to be removed and a fresh one 
inserted. There was never once any trace of leakage of water through this 
joint; and since the air pressure in the instrument was throughout much 
greater than the maximum water pressure outside there was no possibility 
of water leaking into the apparatus. In order to reduce the danger of insula- 
tion leakage a guard-ring was used with connecting wire leading into the clock 
chamber where it could be connected to the instrument case or to the H.T. 
battery at any one of three points so that it could be kept at zero potential, 
at 95 volts, 110 volts or 125 volts as desired. The charging device was so ar- 
ranged that the collecting rod and electrometer fibers could be charged to 
any one of these three potentials, so that the guard-ring could if desired be 
kept at a potential higher than the initial potential on the electrometer. It was 
found that the rate of discharge of the electrometer at any particular depth 
was independent of the potential of the guard-ring indicating that the in- 
sulation leakage was negligible. The guard-ring was however normally kept 
at a potential of 110 volts. In order to measure the electrostatic capacity of 
the electrometer an adaptation of Millikan’s method was used. For this pur- 
pose two cylindrical condensers exactly similar, except for length, were 
mounted symmetrically on opposite sides of the collecting wire near the 
insulator, so that by means of an external battery and the same electromag- 
netic devices used to charge and discharge the instrument, either one or the 
other of the condensers could be connected with the collecting rod. With a 
constant rate of ionization due to cosmic rays or a bit of radioactive material 
the time rates of discharge of the electrometer alone, and then when con- 
nected with the first condenser, and again when connected with the second 
condenser, enable one to calculate at once the capacity of the instrument 
provided of course the difference between the capacities of the condensers is 
known, and the connections are perfectly symmetrical. The capacity may be 
measured at any time without opening the case or in any way disturbing the 
instrument, the clock cover only being removed in order to connect the ex- 
ternal battery to the terminals provided inside. 

Fig. 2. shows typical films. At the outer end of each exposure will be seen 
the shadow of a small ball mounted on the end of a twisted piece of bronze 
ribbon and suspended so that while the instrument is in a vertical position 
the shadow will be in the center of a circular ring; whereas it falls to one side 
when the axis of the instrument is not vertical. The second film in Fig. 2. 
shows that a number of exposures were made while the instrument was not 
vertical. In about the middle of each exposure will be seen the two shadows 
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of the bimetallic thermometer, the distance between these shadows being a 
measure of the temperature. In Konsar Nag this thermometer was unneces- 
sary for the temperature of the water was practically constant, there being 
large quantities of floating ice in the lake. In any case the temperature coef- 
ficient of the instrument used is known to be negligibly small. At the inner 
end of each exposure will be noticed two shadows, the separation between 
which is a measure of the depth of the instrument below the surface of water 
when the exposure was made. This proved to be very useful. The depth- 
gauge consists of the flattened curved tube of an ordinary steam-gauge 
mounted near the film so that a shadow of a thin wire attached to the free 
end of this tube falls on the photographic film. This tube communicates with 
the water (or air) outside the instrument and so as the instrument is sub- 
merged the increasing hydrostatic pressure causes the index-wire to move. 
Less distinct are the shadows of the electrometer ribbons; but they are suffi- 
ciently clear for accurate measurements of their separation by means of an 
especially mounted travelling microscope. All measurements of the developed 
films are made with this instrument. It was found in practice that small devi- 
ations of the axis of the instrument from the vertical do not introduce ap- 
preciable errors. However all records were obtained with the axis vertical, 
the ionization chamber being uppermost. 

Calibration curves show that the electrometer deflections are very nearly 
proportional to the potential for a range of from 30 to 125 volts, the maxi- 
mum used. As is to be expected the depth-gauge curve is also very nearly a 
straight line. 

DATA 


While in use the instrument was anchored to a sinker by a short bit of rope 
attached to the center of the clock cover. At the center of the other end was 
attached a small wooden float which helped to support the instrument in a 
vertical position with the ionization chamber uppermost at about 130 cm 
above the bottom of the lake. It was found that in one or two cases when the 
instrument was allowed to rest on the bottom of the lake the rate of ionization 
was appreciably increased presumably by gamma-radiation from the mud 
and rocks. Konsar Nag, the lake in which the instrument was used, is one of 
the larger high lakes of the Pir Panjal Range in Southern Kashmir. It is fed 
by snow and rain and has a number of large underground outlets so that it 
contains very little radioactive material. The lake is about one and a half 
miles long and about half as broad. Its bottom slopes steeply from the wider 
end to a depth of about 280 ft. As is usually found to be the case a large part 
of the bottom is nearly level. The maximum depth we found to be 285 ft. 
though the surface level varies considerably. During the ten days of our stay 
on its shore the level dropped about five feet and on the shore were clear 
indications that within the past few years the surface has risen to a level at 
least 25 ft. higher than that at the time of our visits in August 1929 and again 
in 1931. 

In getting the desired data the electrometer was anchored at various 
depths ranging from a few inches to the maximum. A light wire chain, 
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marked off in ten-foot lengths, was attached to the sinker and served to give 
data for the calibration of the depth-gauge as well as to move the instrument 
from depth to depth and raise it to the boat in order to replace the exposed 
films. The electrometer was usually allowed to remain for three hours during 
the day-time in one position, and for longer periods during the cold nights for 
obvious reasons. This gave data for several curves at each depth, the mean 
of the slopes being taken as a measure of the rate of ionization for the corre- 
sponding depth. Since all ionization curves are plotted to the same scale, in 
order to get the number of ion pairs produced per cc of air at 0°C per atmos- 
phere per second, it is only necessary to multiply the slope of the curve by a 
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constant. This constant depends upon the electrostatic capacity of the col- 
lecting rod and electrometer fibers, sensitivity, quantity of air in the ioniza- 
tion chamber, the scale on which the curves are plotted and of course the 
charge on an ion. 

It was feared that due to the rather large diameter of the ionization cham- 
ber and the low voltages to be used there might be a considerable amount of 
recombination. The fact that the ionization curves are for voltages higher 
than about 60 practically straight lines shows however that there is very 
little recombination taking place unless this occurs only immediately after 
ionization so that it is practically independent of the ionic drift velocities. 
If this be the case, as Millikan’s results indicate that it is, then the fraction 
of ions lost by recombination should be independent of the number present 
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per cc at any instant. This is clearly indicated by the longer range curve ob- 
tained with the same instrument in other work to be reported later. Since all 
data used in the depth ionization curve correspond to electrometer potentials 
of 100 volts or more we can assume without appreciable error that we have 
complete saturation currents in the ionization chamber. 

The residual ionization in the electrometer at a pressure of 11.94 atmos- 
pheres at 0°C is, as indicated by the lower end of the depth ionization curve, 
less than 0.18 ions per cc per second per atmosphere. 


RESULTS 
The result of the Konsar Nag work is shown in the heavy curve of Fig. 4 
together with similar curves plotted to the same scale from data published 


by Regener and by Millikan and Cameron. It will be noticed that the curves 
are not exactly the same in form though they are similar in type. The data 
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Fig. 4. Depth-ionization curve. Dashed curve with circles, Millikan and Cameron, 1931; 
dashed curve with crosses, Millikan and Cameron, 1928; dashed curve with dots in circles, 
Regener, 1930; curve with black dots, Benade, 1931. 


for Millikan’s and Cameron’s two curves were obtained by electroscopes of 
similar type, the only difference being in the ionization chamber pressures. 
The ionization chamber used by the present writer has very much thinner 
steel walls (0.8 mm) but much larger volume and moderately low pressure 
(about 12 atmospheres of air). On the other hand Regener who used a larger 
heavy steel ionization chamber filled with CO, at a pressure of about 30 at- 
mospheres, gets a curve with a very different slope in the upper portion. 
This seems to indicate that the exact form of the curve depends upon the 
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type of apparatus used in obtaining the data for the curve. This is not sur- 
prising in view of recent ideas about the cause of ionization in such instru- 
ments. 


The Konsar Nag curve agrees very closely with that of the Regener at 
depths of sixty to ninty-three meters. 

In conclusion the writer wishes gratefully to acknowledge a grant from 
the University of the Punjab to cover necessary travelling expenses to Konsar 
Nag and also the untiring assistance of his colleague Professor M. L. Joshi. 
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A High Voltage Direct Current Generator 


By RicHarD E. VOLLRATH 
University of Southern California, Los Angeles 


(Received August 19, 1932) 


When powdered materials are blown through metal tubes by means of compressed 
air considerable quantities of electricity are produced by contact electrification. It 
was found that 6 X10~* coulombs could be produced per gram of diatomaceous earth, 
a form of silica, blown through a short length of copper tube. A generator of extremely 
high voltage is proposed, and a small scale model of such a generator is described, 
by means of which currents of 8 X 10~* amperes at 260 kilovolts were generated. 


HIS work was undertaken to provide numerical data to serve as the basis 
for the design of a high voltage generator capable of generating a milli- 
ampere at voltages above a million. 
THE PROPOSED GENERATOR 
The discussion to follow will be simplified by a consideration of Fig. 1 


which is a diagrammatic representation of the proposed high voltage genera- 
tor. The small scale model constructed will be described later on. 
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Fig. 1. Proposed high voltage generator. 


A blast of compressed air is blown from a nozzle A into a suitably designed 
injector B. A powdered material C is sucked into the air stream by the action 
of the injector and carried along through glass or Bakelite pipe. The air laden 
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with the powdered material passes through a number of metal tubes D ar- 
ranged in parallel within a large spherical conductor and electrically con- 
nected with it. The particles of powder become electrified by contact with the 
walls of the metal tubes. The charged particles are carried away from the 
sphere and returned to an earthed reservoir C. The potential of the sphere 
will rise until limited by corona discharge from its surface. 

In order that one milliampere can be drawn from the sphere, enough 
powder must be blown per second to produce a charge of 10-* coulombs or 
3X 10° e.s.u. per second. It was the main purpose of this work to find out if 
such charges can be obtained from reasonably small quantities of powder. 
From an engineering standpoint quantities up to about 305 grams per second 
should be feasible since sand blast machines have been constructed capable 
of blowing this quantity of sand. 


PREVIOUS WoRK 


It has been known for a long time that considerable charges are developed 
when particles of solids are blown over the surfaces of metals and other sub- 
stances. Most of the work recorded in the literature gives no information as to 
the quantity of electricity produced in this manner by a given amount of 
material. However, the following brief resumé of the more pertinent articles 
showed that the charges obtainable were large enough to warrant further 
work along these lines. 

According to Rudge! a few centigrams of flour blown into a large room 
produced a charged dust cloud whose potential as measured by a radium 
coated collector, or probe, was 200 volts. He pointed out that this and other 
results of a similar nature obtained by him accounted for potential gradients 
of 10,000 volts per meter observed during dust storms, and for lightening 
flashes occurring during the eruption of ashes from volcanoes. 

Petri observed that a steel telegraph wire 5 kilometers long became elec- 
trically charged during a violent snowstorm. A continuous stream of sparks 
several millimeters long could be drawn from the wire; and Petri estimated 
the electrical power generated to be 1.2 horsepower. The effect has been at- 
tributed by Ebert and Hoffmann’ to contact electrification of the snow blown 
over the wire by the wind. 

A similar observation is recorded by Stiiger* who exposed a wire 9 meters 
in length to the driving snow during a snowstorm. There was a distinct corona 
discharge around the wire and a current of 17 to 20 milliamperes could be 
drawn from it. In this case the power generated was estimated to be 3 watts. 
Stiiger in the same article gave the charge carried away by hoarfrost blown 
from a surface of ice. Under particularly favorable circumstances it amounted 
to 1000 e.s.u. per gram of hoarfrost. He also mentions the appearance of a 
corona discharge 10 cm long during the production of carbon dioxide snow by 
rapid evaporation of liquid carbon dioxide escaping from a tank. 


1 W. A. Douglas Rudge, Proc. Roy. Soc. London A90, 256 (1914). 
2 Ebert and Hoffman, Meteor. Zeits. 317 (1900). 
8 A. Stager, Ann. d. Physik 77, 230 (1925). 
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It is quite likely that the tremendous voltages produced in the Alps, and 
lately used in attempts to operate large x-ray tubes are generated by the elec- 
trification of snow blown over the ice covered peaks. 


THEORETICAL LIMITATIONS 


In pursuing this work the writer adopted the views of Helmholtz on fric- 
tional electricity. According to these, so-called frictional electricity is devel- 
oped whenever two dissimilar surfaces are brought into contact and then 
separated. A double layer of charges, whose magnitude is determined by the 
contact difference of potential between the two surfaces, forms at the surface 
of contact—one charge residing on one surface and an opposite charge on the 
other. When the two surfaces are separated the charges of the double layer 
are torn apart, and a charge remains attached to one surface while the other 
carries with it a like charge but of opposite sign. A contact of very short dura- 
tion of two insulators followed by their separation suffices to produce con- 
siderable charges, which indicates that the double layer does not penetrate 
very far into the body of the insulators in contact. The thickness of such dou- 
ble layers has been estimated to be of the order of 10-8 to 10-7 cm. From this 
it is evident that in order to produce large charges by contact electrification 
large surfaces of contact are the main consideration. This immediately sug- 
gests that at least one of the two substances brought into contact should be in 
a finely divided state so as to present a large surface. In this case the charges 
are produced by blowing the finely divided material over a metal surface; for 
example, the powder is blown through a metal tube. When the particles strike 
the metal surface and leave it they acquire a charge which they carry with 
them as they move along with the air stream. An opposite charge remains on 
the metal which, if insulated, rises in potential as long as the powdered 
material is blown over it. 

Leaving out of consideration corona discharges from the conductor, the 
ultimate potential which can be reached depends upon the mobility, k, of the 
charged particles leaving the conductor and the potential gradient, XY, at the 
point where they leave. The charged particles to escape must be impelled by 
the air stream with a velocity greater than kX. The electrical image force 
between the particle and the conductor is considered negligible owing to the 
smallness of the particles under consideration. It can easily be shown that the 
above requirement imposes no serious limitation upon the potentials attain- 
able, even though the particles should have to overcome the maximum gradi- 
ent possible in air, about 30,000 volts per cm. 

A charged particle of radius r in air will have a maximum mobility when 
it is carrying the maximum charge g permitted by the limiting gradient at its 
surface, that is, g/r? = 30,000 or g=100 r? e.s.u. For particles of radius 10, 
qg=10-°. Consider 1 cc of material broken into approximately spherical parti- 
cles 10-* in radius, each charged with the maximum 10~* e.s.u. The total 
charge carried by all the particles is 


Q = 10-*/|(4/3)xr3| = — 10°/4. 
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According to this only 12 cc of material would be necessary per second to 
carry a milliampere. The same calculation for particles of radius 10-* cm 
gives 10-7/4 e.s.u. per cc. However, owing to the fact that air in very thin 
films has a higher breakdown strength, the gradient at the surface can be 
higher allowing it to carry a larger charge. 

It now remains to show that a particle charged to the above calculated 
maximum can be driven against a gradient of 30,000 volts per cm. This can 
be done by making use of some data obtained by Deutsch‘ on the motion of 
charged particles in electric fields in connection with a study of the Cottrell 
process of precipitating dust from gases. 

He found that particles of radius r= 10-4, after having picked up a charge 
of 376 electrons = 1.8 X 10-7 e.s.u. in a corona discharge moved with a velocity 
of 0.56 cm/sec. in a field of 300 volts/cm. Particles of r= 10-5 cm picked up a 
charge of 5X 10-* and moved with a velocity of 0.42 cm/sec. in the same field. 
If we assume that the mobility varies linearly with the charge on a particle, 
we can use these results to determine the velocity of a particle of r=10-* cm 
and carrying the maximum charge (10-* e.s.u.) in a field of 300 volts /cm. The 
velocity will be v= (0.56 10~*)/(1.8 10-7) =3 cm per sec. For the case of 
particles of radius 10-* the velocity is less than 0.42 because the calculated 
maximum charge turns out to be less than that observed by Deutsch. With 
the above velocity of 3 cm/sec. in a field of 300 volts/cm, a particle of r= 10-4, 
carrying a charge of 10~* placed in a field of 30,000 volts/cm would move with 
a velocity of 300 cm/sec. Now a particle of this size can easily be blown with a 
velocity ten times as great. Apparently there is no difficulty to ke expected 
in blowing the charged particles away from a highly charged conductor. 


EXPERIMENTAL 


The following experimental method was used to find the powder most 
suitable for the purpose in view. Fig. 2 shows the experimental arrangement. 
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{"P 


Cc 
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Fig. 2. Experimental arrangement for investigating powers for charges. 


An insulated brass plate P was connected to one pair of quadrants of a Dole- 
zalek electrometer and to a condenser c, as shown. One milligram of the pow- 
dered material to be investigated was placed on the brass plate, which was 
earthed and insulated before blowing off the powder with a puff of air. The 
magnitude of the charge produced was determined from the deflection of the 
electrometer and the capacity of the system. The powders were prepared 
by grinding various solids and sifting them through a a 300-mesh sieve. This 
could not be done very well with metals which were used as obtained in the 
form of considerably coarser powders. The materials studied were mercuric 


* Deutsch, Ann. d. Physik 4, 824 (1930). 
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sulfide, mercuric iodide, sulfur, rosin, iron powder, antimony powder, clay, 
and diatomaceous earth, which is a form of silica occurring naturally in a 
very finely divided form. 

The most promising materials were the metal powders and the diatomace- 
ous earth. The metal powders could not be further investigated by the next 
method to be described because, owing to their great density, they could not 
readily be blown by the compressed air available. The diatomaceous earth 
turned out to be ideal for the purpose, not only because it gave such large 
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Fig. 3. Experimental arrangement for measuring charge obtainable from diatomaceous earth. 


charges, but also because it is very light and easily blown. It consists of parti- 
cles 10-4 cm in diameter and smaller, and it can be obtained commercially at 
50 dollars a ton. 

The diatomaceous earth was used in larger quantities in such a manner as 
to permit the charges produced to be measured on a galvanometer. It was 
placed in a metal cylinder A, Fig. 3, 12 cm diameter and 30 cm high from 
which it was blown by means of compressed air introduced tangentially at B. 
The air laden with the powder passed through a piece of copper tubing C hav- 
ing an inside diameter of 0.5 cm and a length of 20 cm. The cylinder, insulated 
by standing on blocks of paraffin, was connected to ground through a cali- 
brated galvanometer which indicated the current flowing from the cylinder as 
the powder was being blown out. The measurements were made by placing 5 


TABLE I. Charge obtained from 5 grams of diatomaceous earth blown 
by air flowing at rate of 1 liter/sec. 











Time in Current in Charge in Time in Current in Charge in 
min. amp.X108  coulombs x 108 min. amp. X10 coulombs X 10° 
0.5 137.5 4125 8.0 16.5 495 
1.0 96.3 2889 8.5 13.8 414 
1.5 68.8 2064 9.0 10.5 315 
2.0 55.0 1650 9.5 8.3 249 
2.9 41.3 1239 10.0 5.35 165 
3.0 41.3 1239 10.5 4.7 141 
3.5 41.3 1239 11.0 3.9 117 
4.0 57.8 1734 423..5 3.0 90 
4.5 82.5 2475 12.0 2.8 84 
5.0 82.5 2475 12.5 2.2 66 
3.9 68.8 2064 13.0 1.9 57 
6.0 63.3 1899 13.5 1.9 57 
6.5 46.8 1404 14.0 1.4 42 
7.0 35.8 1074 14.5 0.8 24 
7.5 27.5 825 

Total 30,696 X10-* coulombs 
or 6.110- coulombs /gram 
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grams of the powder in the cylinder and blowing it out with air flowing at the 
rate of one liter per second. The current is read on the. galvanometer until 
all the powder is gone. The current is a maximum at the beginning of a run 
and decreases gradually as the amount of powder blown out per second de- 
creases during the progress of the run. Since the current fluctuated somewhat, 
an average current was estimated during each half minute interval. These 
averages are listed in the second column of Table I which gives the result of a 
typical run. It should be noted that the average current recorded for the first 
interval is really too low because the initial swinging of the galvanometer 
prevents the current from being read at all during the first 15 seconds, during 
which time the current is considerably higher. A small current could still be 
read after the air had passed for 15 minutes. This is due to the fact that a 
small amount of the powder clung to the inner surface of the cylinder from 
which it was gradually dislodged and blown out by the air. The charge 
obtained per gram of powder is for these reasons somewhat higher than that 
given at the end of the table. The total charge in coulombs obtained from 5 
grams of powder was found by adding together the product of current in am- 
peres and time in seconds for all the half minute intervals. The charge on the 
powder is negative. 

The copper tube C in Fig. 3 was at first straight, and it was found that the 
total charge obtained increased about 25 percent by bending it as shown. This 
is probably caused by an increased number of particles striking the wall of the 
tube due to centrifugal force on them. No further charge was obtained by 
either lengthening or shortening the tube. 

The charge given by 5 grams of powder reaches the surprising value of 
3.07 X10-* coulombs or 6.14X10-5 coulombs per gram. According to this 
value only 16 grams would have to be blown per second to get a current of 1 
milliampere. Altogether 20 such runs were made, giving results which devi- 
ated at the most 11 percent from those given in Table I. None of the vagaries, 
such as reversal of sign, usually associated with frictional electricity were 
ever observed. A few runs made with lower air velocities gave much lower 
results, ranging from 3.02 X 10-* coulombs per gram for the lowest air velocity 
capable of carrying the dust out of the cylinder and up. This is believed to be 
due to the cohering of the particles of the powder. The individual particles are 
approximately 10~* cm in diameter and smaller, but they cling together form- 
ing larger aggregates which are blown apart by the air stream, the more 
completely the higher the velocity. It seems likely that larger charges per 
gram might be obtained by using higher air velocities, but this point could 
not be proved because the air pressure available was limited to two at- 
mospheres. 

The diatomaceous earth used to obtain the above results contained 12 per- 
cent of adsorbed water. No difference resulted by using the powder dried at 
300°C for 1 hour. 

A small scale model of a high voltage generator using diatomaceous earth 
blown by air was constructed as shown in Fig. 4. In this figure, A represents 
an insulated sphere of spun copper 20 cm in diameter, within which 8 copper 
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tubes B, 0.5 cm inside diameter, were mounted. Compressed air introduced at 
C carried along with it diatomaceous earth introduced by a small screw 
conveyor D from a reservoir and blew it through the copper tubes. The 
charged powder left through a short length of glass tube and escaped into the 
air. 

The potential of the sphere was estimated from the distance between it 
and a similar grounded sphere placed at such a distance from it that a thin 
spark jumped the air gap between them. The maximum potential reached 


screw 
Conveyor 
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Fig. 4. Experimental high voltage generator. 





seemed to be limited by a corona discharge from the sharp edges around the 
two openings in the sphere. The potential was estimated to be 260 kilovolts. 
A current of 8X 10~* amperes could be drawn from the sphere at this voltage 
by connecting it to ground through a glass tube filled with water and in series 
with a microammeter. The amount of powder introduced per second by the 
screw conveyor was 1.5 grams per sec. 

In conclusion the writer wishes to thank Professor Millikan for very 
kindly placing the facilities of the California Institute of Technology at his 
disposal. 
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Magneto-Optic Rotation by Condenser Discharge! 


By Francis G. SLACK ‘AND WILLIAM M. BREAZEALE 
Department of Physics, Vanderbilt University 


(Received June 30, 1932) 


The rotation of the plane of polarization of light produced by a condenser dis- 
charge across a spark gap has been measured when the condenser discharges through 
a coil surroundirg various media of comparatively high Verdet constants. The set-up 
is similar to that used by Dr. Fred Allison except that a Lippich double field polar- 
imeter replaces the crossed Nicols. The rotations have also been computed from the 
constants of the circuit, and curves show the agreement bet ween calculated and experi- 
mental rotations to be good. Conclusions are drawn in regard to the relation of these 
measurements to the experiments of Allison. 


HE recent experiments of Dr. Fred Allison and his collaborators? have 

attracted wide attention. The experiments here described were performed 
in an effort to throw more light on the physical phenomena involved in Alli- 
son’s Magneto-optic Method of Chemical Analysis. The results to date appear 
to give some insight into the nature of the rotations involved. No attempt 
has been made to check the results reported by Allison, and except for some 
preliminary work in which definite “minima” were obtained for the “zero” 
reading of Allison’s scale (CS, in both cells), the Nicol prisms were discarded 
in favor of a Lippich polarimeter in order that the net rotations caused by the 
alternating field might be observed in both magnitude and direction. 


DESCRIPTION OF APPARATUS 


Except for minor changes and the substitution of the half-shade polari- 
meter for the crossed Nicols the set-up is similar to that described by Allison.” 
Fig. 1 is a schematic diagram of connections. 7 is a Thordarson resonant 
spark transformer rated at 1 k.v.a., 25,000 volts maximum output at 110 
volts primary. Current from the high side of this transformer is rectified by 
the G. E. Type KP-2 kenetron and charges the condenser C each sixtieth of a 
second. The condenser upon acquiring sufficient potential to break down the 
spark gap S, discharges through the coil L or L’ and the resistance R and the 
inductance L’’. Light from the spark passes through the filter F and into the 
Lippich half-shade polarizer Ni Ne, then traverses a path of about 10 cm ina 
material surrounded by the coil Z, and thence to the analyzer N3. During such 
time as a current flows through the coil Z a magnetic field is impressed on the 
material inside the coil and rotation of the plane of polarization of the light 
beam results (Faraday Effect). The average or net rotation may be measured 


1F.G. Slack and W. M. Breazeale, Phys. Rev. 40, 1052A (1932). 

2 Fred Allison, Phys. Rev. 30, 66 (1927). Fred Allison and E. J. Murphy, J.A.C.S. 52, 3796 
(1930). Fred Allison, Ind. and Eng. Chem. 4, 9 (1932)' Fred Allison, Edna R. Bishop, Anna 
L. Sommer and J. H. Christensen, J.A.C.S. 54, 613 (1932). Fred Allison, Edna R. Bishop and 
Anna L. Sommer, J.A.C.S. 54, 616 (1932). Fred Allison,J. H. Christensen and George V. 
Waldo, Phys. Rev. 40, 1052A (1932). 
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by means of the analyzing Nicol N3. L’ is a dummy coil provided to offer a 
path of equal impedance when L is cut out of the circuit for the purpose of 
taking zero settings on the polarimeter. L’’ is ordinarily out of the circuit 
but is used when it is desired to obtain a variation in impedance by induc- 
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Fig. 1. Diagram of apparatus. 


tance change. R is used to vary the resistance of the oscillating circuit and 
is also normally out of the circuit. 

Occasionally it was desired to measure net rotations due to two coils op- 
erating in series or in parallel and with their fields acting on separate speci- 
mens to produce opposing or aiding rotations. Fig. 2 is a diagram of the par- 
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Fig. 2. Connections for two coils. 


allel connections for this set-up. Two resistance trolleys R are then used, one 
in series with each coil. The rest of the apparatus is the same as shown in 
Fig. 1. 

Some of the constants of the apparatus are as follows: For Fig. 1 the coils 
L and L’ have 59 turns of No. 16 D.C.C. copper wire, are 12 cm long by 4.5 
cm in diameter and measure 0.045 millihenries. The inductance coil L’’ is 
wound with 325 turns of No. 18 D.C.C. wire and measures 0.66 mh. It is 
tapped at several points. The condenser C consists of 20 plates of glass 0.3 cm 
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thick covered with 25 cm squares of tin foil, giving a total capacity of 0.022 
mfd. The capacity is varied by removal of the condenser plates. The resist- 
ance R consists of two straight wires stretched overhead and about 20 cm 
apart. The resistance is varied by a trolley which slides along on these wires. 
The wires are No. 25 chromel “C” (6.85 w/meter) and have a total length of 
about 16 meters, though somewhat longer ones have been used in obtaining 
some of the results reported herein. The material under test when a liquid 
(CS2 normally) is contained in a glass cell 11.2 cm long and 2.5 cm in diame- 
ter, with thin cover glass ends sealed on with water glass. This cell is centered 
inside coil L. The spark gap, horizontally placed, has § inch magnesium 
electrodes spaced from 0.25 to 0.30 cm apart. The filter F consists of Jena 
glass BG; plus GG; (each 2 mm) filters. These transmit principally the mag- 
nesium spark line 4481A and a small amount of the lines at 4703, 4391, and 
3835A. Investigation by more complete filtering has shown that these faint 
lines do not affect the rotations. The polarimeter is a Schmidt and Haensch 
instrument with the Lippich half-shade polarizer giving a double field. The 
vernier may be read to 0.01 degree. 

When the set-up in Fig. 2 is used it is necessary, due to the construction 
of the polarimeter, to use smaller coils and cells. In this case the active and 
dummy coils had 37 turns of No. 16 wire, measured 0.025 mh, and were 8 cm 
long by 4.5 cm in diameter. The glass cells used with these coils were 8 cm 
long and 2.5 cm in diameter. The rest of the apparatus was not changed. 

In making all readings the procedure was first to make a zero setting on 
the polarimeter analyzer with the dummy coil L’ in the circuit, then with 
coil L thrown into the circuit the oscillatory discharge of the condenser passes 
through the coil and produces a magnetic field which acts on the material 
in the cell. The plane of polarization of the light is rotated in accord with 
this field and a brightening of both polarimeter fields is observed, the bright- 
ening of one field being more pronounced. The analyzer is set to bring the 
two fields to equal brightness and the net rotation read from the scale. As 
recorded under “‘Results’’ such observations have been made for various circuit 
constants. The spark gap length and transformer primary voltage have been 
held approximately constant for the data given, the latter being about 60 
volts, controlled by a series rheostat. 


THEORY 


Oscillations will normally exist in the discharge circuit, the frequency and 
damping depending on the constants of the circuit. Normally the oscillations 
are damped out after a few cycles. Examination of the spark in a rotating 
mirror, mounted on the shaft of a synchronous motor, shows that there are 
one or more trains of waves per cycle, the number depending on the primary 
voltage, the spark gap, and (to a lesser extent) on the circuit constants. Ex- 
periment shows the number of trains per cycle to have little or no effect on 
the rotations observed. 

A relationship between the circuit constants and the rotations was de- 
rived as follows: First, the current-time curves for the oscillating circuit were 
plotted using the equation for damped sinusoidal oscillations; 
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i = [Ee~R#/2L/L(1/LC — R2/4L?)'/2} sin (1/LC — R®/4L2)1/2t (1) 


where 7 is the current at any time ?¢, and E is the initial voltage to which 
the condenser is charged. This assumes exponential damping which assump- 
tion was verified by cathode-ray oscilloscope observations. 

The rotation was found to be proportional to the difference between 
the first and second current peaks (positive and negative, respectively). Fig. 
3 shows the rotations due to the first peak, 7; (positive), to the second peak 
ig (negative), and the net rotation, proportional to 7:—%, obtained by sub- 
tracting the lower from the upper curve as the resistance R is varied. In 
calculating these curves the peak currents were computed assuming E = 8000 
volts. A rheostat in the transformer primary reduced the secondary voltage 
to about this value, although the nature of the spark gap controls the break 
down potential. 

The maximum value of the magnetic field is given by: 


H = 0.4nni (2) 


where »=No. turns per cm of the coiland i=peak current in amperes from 
Eq. (1). The rotation in degrees is equal to the field strength multiplied by 
Verdet’s constant V and by the length of the cell, /: O=J7V/=0.4rnilV. 

Above about 90 w the circuit ceases to oscillate and hence the second peak 
does not exist. Here in calculating the currents Eq. (1) no longer holds and 
the following is used: 
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Since, in order to obtain agreement between calculated and observed 
curves of rotations as the resistance R is varied, it is necessary to shift the 
calculated curve approximately 2.5 along the resistance axis, this value has 
been taken in all calculations as the resistance of the spark gap and circuit 
exclusive of the added resistance R. 

The mechanical process causing the rotations appears to be as follows: 
Suppose the first half cycle of the current wave causes a clockwise rotation 
which causes a maximum brightness of the right-hand polarimeter field pro- 
portional to the first current peak. The second peak causes a counterclockwise 
rotation which brightens the left-hand field, but as the second peak is less 
than the first the increase in brightness of the left field is not so great as that 
of the right-hand field. Persistence of vision causes subsequent changes of the 
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field due to the rest of the wave train to pass unnoticed. This cycle repeats 
itself sixty times a second. Hence the first two peak currents determine the 
character of the observed fields. The net rotation is measured by setting the 
analyzer to bring the two fields to equal brightness. 


RESULTS 


Curves similar to the solid curve of Fig. 3 were computed for various cir- 
cuit constants and compared with the experimentally-determined points. 
The experimental points are plotted as circles and Fig. 3 (curve 3) shows the 
agreement between calculated and measured rotations as R is varied. Fig. 4 
shows the rotations as calculated (smooth curve) and as measured (plotted 
points) as a function of capacity change; R and L being held constant.Curves 
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Fig. 3. Rotation-resistance curve. Curves 1 and 2, respectively, are calculated rotations 


due to first and second current peaks. Smooth curve 3 is difference between curve 1 and curve 2. 
00000 experimental points. (L =0.045 mh; C=0.022 mfd.) 


are shown for two different values of trolley resistance R, viz., R=0 and 
R=7.5 w. Fig. 5 shows the relations for these same values of R when C is 
held constant and L varied. The disagreement for the larger values of L in 
the curve for R=0 is probably due to a slight change in resistance of the spark 
gap at lower frequencies. It was necessary to correct for skin effect in the coil 
to obtain agreement at the high-frequency end of the curve. The agreement 
in the curve for R=7.5 w is better since small changes in gap resistance do 
not have so much effect with a larger value of R. 

As may be seen from the curves the experimental points show very fair 
agreement with the computed smooth curves. This indicates that the as- 
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sumption that the rotation is proportional to the difference between the first 
two peaks (positive and negative) is valid. 

When two different materials are used in the two cells of Fig. 2 with op- 
posite field directions cancellation of the rotation does not occur with equal 
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Fig. 4. Rotation-capacity curves. L=0.045 mh; R=7.5 wand R=Ow. Smooth curves calculated. 
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Fig. 5. Rotation-inductance curves. C=0.022 mfd; R=7.5w and R=0w. 
Smooth curves calculated. 


1.0 


resistances in each trolley. However, for any setting of one trolley a setting of 
the other may be found for which the net rotation is zero. This setting is in- 
dependent of the direction of the fields of the two coils. It is different for 
different materials compared to the same standard. It is probable that calcu- 
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lation of the rotations as above, considering the parallel circuits and proper 
Verdet constants, would account for these readings and further work on this 
is contemplated. 

No rotations could be observed when the light source was constant except 
when a synchronous rotating disk cut off the light while no discharge current 
was passing through the coil. Apparently the rotated part of the light was 
too small to be observable except in this case. 

The cause of the asymmetrical rotations reported previously' has been 
found due to the unequal intensity of the two light beams after passage 
through the prisms of the Lippich polarizer. This difference does not affect 
readings when the rotation is constant but calculations show that it produces 
a difference of the order of magnitude of that found in the case of the oscillat- 
ing rotations.* The curves shown herein have not been corrected for this 
error since it would not appreciably affect the agreement between calculated 
and measured rotations. 

CONCLUSION 


The results of these experiments indicate that a polarimeter may be used 
to measure the magneto-optic rotations produced by a condenser discharge 
when the spark gap of the discharge circuit is used as light source. These rota- 
tions may also be calculated from the constants of the circuit so that fair 
agreement results. 

In the case of different materials used in two cells zero readings were ob- 
tained by proper adjustment of trolley resistance. These readings could not 
be correlated with the time lags given by Allison* though this was hardly 
expected considering the high-resistance trolley here used. Change in length 
of a low-resistance trolley had no observable effect on the rotations measured. 
This leads to the conclusion that the polarimeter, in spite of its ability to 
measure the magnitude and direction of the rotations, is not so sensitive to 
time effects (change in length of wire path) as the crossed Nicols. With the 
Nicols any rotation of the plane of polarization of the light produces the same 
effect, that is a brightening of the single field. If two opposing fields are used 
it is thus necessary that they cancel each other at every instant in order to 
produce a minimum of light. For this to be the case the resultant time con- 
stants of the parallel paths of the discharge currents would need to be identi- 
cal. These include the dielectric effect, Faraday effect time lag, Verdet con- 
stant, etc., for the materials. This would require the very sharp accurate 
settings for minima obtained by Allison, and as found by him would depend 
upon the properties of the material in the cells. 

In conclusion, the authors wish to express thanks to Dr. Fred Allison for 
his kindness in demonstrating his apparatus upon. several occasions and for 
supplying the details of his circuits. Thanks are also due to Mr. Wilson W. 
Woodcock, Jr. for assistance in the early stages of this work. 


3 Thanks are due to Professor E. O. Lawrence and members of the Physics Department 
of the University of California for opportunity to check this work with a triple-field polarim- 
eter resulting in the discovery of this difficulty. Especial thanks are due Dr. Harold Washburn 
for his assistance and suggestions. 
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ERRATA 
Evidence of Space Quantization of Atoms upon Impact 


By H. KuuN AND O. OLDENBERG 
Zweites Physikalisches Institut, Goettingen, and Physical 
Research Laboratory, Harvard University 


(Phys. Rev. 41, 72, 1932) 


Figs. 2, 3 and 4 in the above article are in the wrong order. The correct 
arrangement of these figures follows: 
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Fig. 2. Fig. 3. 
Fig. 2. Hypothetical band structure. AC, molecular band; FG, atomic line. 
Fig. 3. Radiation during collision, AC; FG, atomic line. 























4 A = ome ae a oe oe oe > we we oe wy 
> thermal energy 
Ss = 2s 
| r 

7] 

c | 

vu | \ K mM 

3 Q \ 

Pe} \ 

3 \ 

3) QU 

a > + N G 








Internuclear distance+ 


Fig. 4. Potential curves for the mercury and rare gas collision. AC, BD, diffuse maxima on 
the short wave-length side; AQ, BP, limits of the spectrum; KL, MN, band structure on the 
long wave-length side; FG, atomic line. 


On the Relative Abundances of the Nitrogen and Oxygen Isotopes 


By GeorGeE M. Murpuy ANp Harotp C. UREY 
Columbia University 
(Phys. Rev. 41, 141, 1932) 


On pages 141, 147 and 148 of the above paper on the relative abundances 
of the nitrogen and oxygen isotopes, the figures that we have given refer to 
the ratio N“O'8/N%O" and not to the inverse of this as we have stated. 
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LETTERS TO THE EDITOR 
Prompt publication of brief reports of important discoveries in physics may 
be secured by addressing them to this department. Closing dates for this depart- 
ment are, for the first issue of the month, the twenty-eighth of the preceding 
month; for the second issue, the thirteenth of the month. The Board of Editors 
does not hold itself responsible for the opinions expressed by the correspondents. 





On the Continuous Absorption Spectrum of Alkyl Iodides 


A continuous absorption spectrum, with- 
out a neighboring band spectrum and a con- 
vergence limit, of a number (about forty) 
of alkyl halides was investigated in the 
region of the ultraviolet. The absorption 
spectra of these alkyl halides are entirely 
similar except that in the order chlorine, 
bromine and iodine compound the absorption 
regions are displaced towards the long wave- 
length side. 

In the iodine compounds two or three ab- 
sorption regions were found, in the other 
compounds only one region, undoubtedly for 
the reason that the analogous second or third 


The long wave absorption of the iodine 
compounds corresponds to the decomposition 
into a normal alkyl residue and an iodine 
atom excited in the metastable state (2?P,). 
The second or third absorption region may 
correspond to the photochemical dissociation 
of the halides into a normal alkyl and a 
halogen atom excited higher than the metas- 
table state, or into a slightly excited alkyl 
and an excited halogen atom (2?P}/2). Each 
difference v2(max) —»,(max) for various iodine 
compounds are given in the Table I. S. F. 
Evans! has recently analyzed the are spec- 
trum of iodine. According to the term scheme 














TABLE I 

vy; (max) v2 (max) v3; (max) vo (max) —», (max) 
(cm!) (cm~!) (cm~!) (cm) 
C:Hel, 34900 40600 45200 5700 
C3H;I 37600 43500 5900 
n-C3;H7I 39800 45900 6100 
iso-C;H7I 39700 47400 7700 
n-C,Hol 39800 45400 5600 
tert-C,H ol 37600 45400 7800 
iso-C,H oI 39700 46900 7200 
39700 7500 


iso-C;I 1,1 


47200 








region were further in the ultraviolet than 
could be reached by the quartz spectrograph. 
Since the absorption regions shade off rather 
gradually on the long wave side and on the 
other side as well, where it can be observed, 
and since the apparent long wave limit shifts 
towards the red when the vapor pressure is 
increased, it is not possible to give any defi- 
nite long wave absorption limit. So that, 
perforce, we must use in their stead either 
the observed limits of the pertinent absorp- 
tion regions or, more conveniently in the 
present instance, the positions of the ab- 
sorption maxima. The positions (v) of the 
absorption maxima are given in Table I. 
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given by him, the possibility of states of 
excitation of the resultant iodine atoms 
higher than this metastable state may not 
be considered at the present moment. There- 
fore the excess energy may be ascribed to the 
alkyl residues. Details will be published in 
the Science Reports of the Téhoku Imperial 
University, Japan, 21 (1932). 


Y. Hukumoto 
The Physical Institute, 
Imperial University, Sendai, Japan, 
September 7, 1932. 


1S. F. Evans, Roy. Soc. Proc. A133, 417 
(1931). 
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Emission Probability for a Colliding Atom 


When mercury atoms are excited in the 
presence of a rare gas in addition to the 
resonance line a diffuse “band” with maxima 
is obtained in fluoresence. In order to ex- 
plain the strong maxima it has been sug- 
gested!? that the collision process may lead 
to an “instantaneous” (i.e., short temporary) 
increase in the probability of emission. Now 
the probability of emission is connected with 
the line absorption by the equation /a(v)dv 
=hv- By/4a where By is the Einstein co- 
efficient for emission and a(v) is the atomic 
absorption coefficient for radiation of fre- 
quency v. The effect on the absorption of 
2536 produced by argon has been investi- 
gated by Fiichtbauer, Joos and Dinckelacker.’ 


1Kuhn and Oldenberg, 
72 (1932). 

2 Samson, Phys. Rev. 40, 957 (1932). 

3 Fiichtbauer, Joos and Dinckelacker, Ann. 
d. Physik 71, 204 (1923). 


Phys. Rev. 41, 


They find that /a(v)dy is reduced slightly in 
the presence of the foreign gas (about 20 
percent reduction for 50 atmospheres of 
argon). This means that the total probability 
of emission must also be reduced by col- 
lisions with the foreign gas. 

This fact does not imply that an increase 
in the probability of emission at one stage 
of the collision process is impossible. It does 
require, however, that if such an increase 
exists there must be a larger decrease in the 
probability of emission at some other stage 
(or stages) of the collision process, so that 
the total probability for a colliding atom is 
less than for a completely free atom. The 
above rests, of course, on the assumption 
that the absorption experiments do really 
measure the complete fa(v)d». 


R. W. DitcHBURN 


Trinity College, Dublin, 
September 9, 1932. 


Airplane Cosmic-Ray Intensity Measurements 


The following is a preliminary report on 
certain cosmic-ray altitude-intensity meas- 
urements made with the use of airplanes. 
This work, begun in June of this year, was 
made possible through the cooperation of the 
United States Army Air Corps, and par- 
ticularly through the kindness of Captain 
A. W. Stevens of this organization, who took 
an active interest in the project and assisted 
in making many of the observations. We are 
also greatly indebted to Lieutenants J. F. 
Phillips and C. D. McAllister who served as 
pilots on the various flights as well as to 
Major T. W. Blackburn of the Texas National 
Guard for the opportunity of making several 
preliminary flights here at Houston. The 
measurements were made at Wright Field, 
Dayton, Ohio, lat. 40° N, long. 84° W. 

The airplane method was chosen on ac- 
count of certain advantages over the cus- 
tomary methods. Over the balloon measure- 
ments it has the advantage that the altitude 


1 Millikan and Cameron, Phys. Rev. 37, 
235 (1931). 

2 We are indebted to Professor A. H. Comp- 
ton for the information that considerable gain 
in sensitivity can be obtained by the use of 
argon instead of air or nitrogen. 


can be maintained at a constant value while 
the measurement is being made. Over the 
mountain-top work it seems superior since 
troublesome corrections for local radiation 
do not have to be made. Not only can higher 
altitudes be reached but these can be at- 
tained much more quickly and conveniently 
than by scaling mountain peaks. 

The measuring instrument is a Wulf-type 
closed electroscope patterned after those used 
by Millikan,' a type which seems best suited 
for use in airplanes. Its volume is 500 cc and 
it contains argon? at 75 atmospheres pres- 
sure. The case is made of steel and is about 
1.3 cm in thickness. The volume was made 
small in order to allow lead shielding without 
excessive weight. Three shields were pro- 
vided, the first two of thickness 1.3 cm each 
and a third outer shield of thickness 2.2 cm. 
It was found that over a suitable range of 
scale readings the rate of discharge was 
essentially linear with the time so that con- 
siderable gain in accuracy could be obtained 
by taking several (usually about eight) read- 
ings during one discharge. Most of the read- 
ings were taken visually though a few of the 
observations were made with a semi-auto- 
matic recording device. 

The values which have been obtained up 
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to the present are shown in Fig. 1. Curve 1 
shows the rates of discharge with the electro- 
scope unshielded; curve 2, with 1.3 cm of 
lead shielding; curve 3, with 2.6 cm and 
curve 4 with 4.8 cm. The intensity has as yet 
only been obtained in arbitrary units on ac- 
count of the difficulty of reducing our ob- 
served ionization in argon at 75 atmospheres 
to air at normal pressure. The intensity is 
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believed that the probable error of the in- 
dividual points is about 3 percent. The values 
have been corrected for the “zero” of the 
electroscope. This was obtained by measuring 
the rate of discharge with the various shield- 
ings in a salt mine* 700 feet underground. 
The “zero,” or rate of discharge in absence 
of all radiation except that coming from the 
electroscope itself, was thus found to be 3.5 
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Fig. 1. Cosmic-ray altitude-intensity curve. Curve 1, electroscope unshielded; curve 2, elec- 
troscope inside 1.3 cm of lead; curve 3, with 2.6 cm lead; curve 4, with 4.8 cm lead. 


referred to the rate of discharge produced 
by a small quantity of radium which could 
be accurately located at a distance of about 
10 cm from the instrument. It was, however, 
found that the sensitivity remained practi- 
cally the same for all the observations. It is 


on the scale of the curves. In addition a cor- 


3 We wish to thank Mr. J. E. Hanes, Super- 
intendent of the Kleer Mine of the Morton 
Salt Company at Grand Saline, Texas, for the 
opportunity of making these measurements. 
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rection of 1.2 has been made for the radio- 
activity of the airplane. That this correction 
is the above practically negligible value is 
due to the fact that all radioactive material 
(luminous paint) was carefully removed from 
the instruments. Had this not been done the 
necessary correction would have amounted to 
about 15 units and would have caused a seri- 
ous loss of accuracy since we have found that 
it cannot be accurately determined. 

For purpose of comparison the observations 
of Millikan and Cameron! have been indi- 
cated on the figure. Their values have been 
fitted to ours by putting one of their points 
(at 8.25 meters below the top of the at- 
mosphere) on the curve. Our values are in 
good agreement with theirs taken in water 
below 8.25 meters but are somewhat above 
their values obtained with lead shielding the 
local radiation. This discrepancy may be due 
to difficulties involved in estimating the frac- 
tion of the cosmic rays getting through their 
shields. Evidence in favor of this view is ob- 
tained directly from the curves which show 
that our 4.8 cm shield, at the elevation of 
Millikan and Cameron's highest point, al- 
lowed the passage of 47 percent while for 
their 7.6 cm shield they found a transmission 
of 61 percent. This discrepancy seems to in- 
dicate that there are difficulties in making 
accurate measurements with the use of shields 
to correct for the local radiation. If one is 
satisfied with the value of the intensity in- 
side the shields it seems possible to make 
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fairly reliable measurements since it is then 
not necessary to know accurately the fraction 
of the cosmic radiation removed by these 
shields. 

By the use of Gold’s‘ table it is found that 
the upper part of the shielded curve is ap- 
proximately fitted by assuming an absorption 
coefficient of 0.50 per meter of water. Extra- 
polating Millikan and Cameron’s synthetic 
curve, which is dominated by a coefficient of 
0.80 per meter of water at these elevations, 
it is found that it calls for a value of the in- 
tensity about double that found by us at 
25,000 feet. This result may be accounted for 
by assuming that the radiation has not 
reached equilibrium with its secondaries at 
these elevations though the authors favor the 
view that the present results indicate that if 
a banded structure exists the values chosen 
for the constants of the components will have 
to be modified. 

More complete discussion of these points 
will be given in a detailed account of this 
work to be published as soon as certain ad- 
ditional measurements now in progress are 
completed. 

L. M. Mort-Smita 
L. G. HOWELL* 
The Rice Institute, 
September 23, 1932. 


4 E. Gold, Proc. Roy. Soc. A82, 43 (1908). 
* Geophysics Department, Humble Oil and 
Refining Company. 


Unitary Theory, Pure Number Ratios and the Masses of Atomic Nuclei 


There are six universal dimensional physi- 
cal constants: G, M, m, e, h and c. G is the 
gravitational constant, M the mass of the pro- 
ton, and m the mass of the electron. All the 
other symbols are standard. The relations be- 
tween these constants yield the three pure 
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number ratios, a, 8 and y, where ‘ ; 
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We will also introduce a quantity y’, where 
e2 


Gm? 
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As L. L. Whyte! has pointed out, a unitary 
theory must provide a derivation of a, 8 and 
y (or vy’). Conversely, if we can find significant 


1L. L. Whyte, Critique of Physics, W. W. 
Norton & Co., 1931. 





numerical formulas for a, 8 and y, it may help 
us to construct this unitary theory just as the 
Balmer formula paved the way for Bohr. 

The writer has found certain numerical 
formulas for a, 8, y and y’, which are all of 
the same type, and represent these numbers 
toa remarkable degree of accuracy. 

These formulas may or may not be signifi- 
cant, but they are, I think, interesting. They 


are: 
M 7 \6 e¥° 
—= (=) = 1838.266 = (42—) 
m 2 8 


(cf. E. E. Witmer, Nature 124, 180, 1929.) 
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Furthermore 


sgn oam(sy” 


1/2 = 
Y G2M 





The values of these universal constants ob- 
tained from the values in Birge’s paper? are: 


B = M/m = 1838.26 + 1. (spectroscopic value) 


1/a = 137.294 + 0.11 


Aa 5 21 
yl? = Gite = 2.0452 & 10”. 
Comparison between the observed and com- 
puted values shows that the agreement in the 
cases of 8 and y’ is quite astounding, and 
in the case of 1/a is good. 
Another possibility for 1/a is 


LT) +(2) ]- am 
—=—| (— — = 137.275. 
a SL\2 7 ' 


Concerning the significance of these for- 
mulas, if any, it does not seem possible to do 
more than speculate at the present time. 
Nevertheless I would venture to suggest that 
the three-dimensional character of space 
should find expression in the formulas of a 
unitary theory. Our formulas are character- 
ized by the universal appearance of the num- 
bers 2 and 7, especially 7/2, and most es- 
pecially powers of (7/2)°. We suggest the 
following interpretation of these formulas as a 
possibility. 

Let d=3=number of dimensions of space. 
Then 7 =2d+1, and 


2R. T. Birge, Physical Review Supple- 
ment 1, 1 (1929). 
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B = M/m = (d + 1/2)*4 
1 


oe 4 

= F42 (d + 1/2) 
yt = [(2d + 1)? + 22] (@ + 1/2) 
vy? = [(2d + 1)? + 22|(d + 1/2)24(24-0), 


Having obtained these formulas the writer 
turned his attention to the masses of the 
atomic nuclei, using the data of Aston.’ This 
investigation led to the following formula for 
the masses. Let W(A, Z) be mass of the 
nucleus of the atom with atomic mass A in 
the nearest integers and atomic number Z. 
Then 


W(A, Z) = ami -=Az) | 


where k and » are integers. It must be em- 
phasized that the present data are not suffi- 
ciently accurate to test this formula ade- 
quately and that therefore the formula may 
be entirely wrong. We note that this formula 
is of the same type as those for a, 8, y and y’. 

For H? we take k=2 and n=0, obtaining 
for the mass of the H? nucleus 2.01356, if 
M =1.00724. The writer intends to publish 
a more extensive article on this subject in the 
near future. 





Enos E. WITMER 
Randal Morgan Laboratory, 
University of Pennsylvania, 
Philadelphia, Pa., 
September 28, 1932. 


3 F. W. Aston, Proc. Roy. Soc. Al15, 487 
(1927). 


Solar Component of Cosmic Rays 


The experimental results of some observers 
indicate a diurnal variation in cosmic-ray 
intensity of the order of 1 percent. As a pos- 
sible explanation, it has been suggested that 
roughly 1 percent of the rays have their 
origin in the sun. 

In this case it can be easily shown, on the 
assumption that the rays are photons, that 
the intensity of radiation from the part of 
the sky covered by the sun would be roughly 
1000 times as great as the average over the 
remainder of the sky. 

If we assume: (1) That the cosmic rays are 
photons; (2) that by Compton encounters 
they produce secondary electrons moving in 
the same direction as the primary rays (very 
nearly); (3) that these secondary electrons 


are capable of actuating a Geiger-Miiller 
counter; then we may test the relative in- 
tensity of the cosmic rays from the sun and 
other parts of the sky. We made the com- 
parison by means of a pair of G.-M. counters 
arranged to record coincidental responses 
mounted on a telescope at Chamberlin Ob- 
servatory, University of Denver. The dis- 
tance between counters was adjusted, so that 
when their common axis intersected the cen- 
ter of the sun, only those rays from the sun 
would pass through both counters. 

The telescope was then so oriented that this 
common axis pointed at the center of the sun 
continuously for two hours. Next, the tubes 
were aimed at an area slightly ahead of the 
sun by changing the right ascension but not 
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the declination of the telescope. These read- 
ings were continued for seven days. One day 
the instrument was trained on the sun from 
10 to 12 a.m., and on a neighboring region 


TaBLeE I. Number of coincidences 
with counters aimed. 





At the 





At the Nearthe At the 








Date sun sun zenith horizon 
Aug. 9 2 2 7 2 
10 0 0 5 0 
11 1 4 5 1 
12 1 3 4 0 
13 2 1 3 0 
14 0 1 5 1 
15 3 1 6 0 
16 2 3 2 1 
Total 11 15 37 5 








from 12 to 2 p.m. The following day the pro- 
cedure was reversed. To test the instrument, 
coincidences were taken with the telescope in 
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vertical and horizontal positions. The results 
are given in Table I. The test for adjustment 
with the tubes at 5 cm apart gave 92 and 86 
coincidences in two hours on Aug. 8 and Aug. 
17, respectively. 

If the initial assumptions be allowed, it 
seems certain the sun does not contribute any 
appreciable amount of the total cosmic radia- 
tion. The above results indicate it may act 
as an absorber, but we do not believe the 
data justify this conclusion. Experiments on 
the moon are in progress to test this point. 
Funds granted by the Rumford Committee 
and American Association for the Advance- 
ment of Science were used to purchase the 
equipment. 

J. C. STEARNS 
Witcox P. OVERBECK 
University of Denver 
RavcpH D. BENNETT 
Mass. Inst. of Tech. 
September 30, 1932. 
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Etalons Photométriques. PIERRE FLEURY. Volume 2 of the third Section de I’ Encyclopédie 
Photométrique. Pp. 122+x, Figs. 41. Revue d’Optique, 1932. Price 25F. 


At the present time, when the interest of physicists inthe field of photometry is so strongly 
centered upon the need for a satisfactory reproducible standard of light to maintain the con- 
stancy of the present units as well as for the establishment of an accepted method of heterochro- 
matic photometry, the appearance of this excellent treatise is most opportune. 

A study of Professor Fleury’s book makes one realize that perhaps in no other branch of 
physical measurements has the search for an adequate standard entailed a greater amount of 
effort or resulted in a greater variety of proposed standards than in the field of photometry. 
Slightly more than half the book is devoted to a very comprehensive account of this search. 
In describing the numerous devices that have at some time or other been adopted somewhere 
as standards of light as well as those devices which have been merely proposed as such, good 
judgment has been used in stressing the essential details. 

Recognizing that some form of block-body radiator gives the greatest promise, at present, 
of providing a satisfactory reproducible light standard, the author devotes the last 40 percent 
of his book to a study of this question. His manner of treating the experimental work done and 
the problems involved reveals the touch of one who has been an active worker in this field. 

The material in this book is very well selected and has been ably and interestingly pre- 
sented. It will prove indispensable to all physicists working in the field of photometry and is 
recommended to all who are interested in the modern developments in this field. 

H. T. WENSEL 
Bureau of Standards 


Kleiner Leitfaden der Praktischen Physik. FrrepRiIcH KOHLRAUSCH. 5th edition revised 
by Friedrich Kriiger. Pp. 498 +xxviii, Figs. 379. B. G. Teubner, Leipzig and Berlin, 1932. Price 
14 Mark 80. 


This fifth edition of the “introduction” or “Kleiner Kohlrausch” is the first to appear under 
the editorship of Professor Kriiger. It is, as he says in the preface, intended not only for the 
instruction of beginners in experimental work in physics, but also as a laboratory manual of 
physics for workers in neighboring fields, insofar as they need physical methods; therefore it 
does not describe methods of highest precision and does not attempt a complete enumeration, 
leaving these to the “Grosser Kohlrausch.” Nevertheless, the book has grown considerably; it 
is two-thirds of the size of the larger book in the 11th edition of 1910. 

The new edition has kept the main features inaugurated by Kohlrausch. Each chapter 
starts with a short statement of the principal laws governing the field treated, units, numerical 
constants and so on. Then follows an enumeration of the laboratory methods of measurement, 
the principle of each method, its particular advantage and accuracy are given, the place where 
instruments might be purchased (in Germany) is often mentioned, then there is often a remark 
concerning possible mistakes to be avoided or experimental tricks to be applied. 

The book starts with a general introduction on measuring and units and a much needed 
discussion on accuracy of single measurements, their influence on complicated calculations, 
probable errors, methods of interpolation. 

Then follows a description of general appliances (like pumps) and laboratory methods, the 
measurement of intervals of length and time, weighing. 

The next five chapters are devoted to mechanics and mechanical properties, namely, the 
determination of density, of the constant of gravity, of static pressure, of velocity and pressure 
in the flow of fluids, and of elastic properties. 

The chapter on acoustics has been greatly enlarged; after it surface tension, viscosity and 
heat measurements are treated. 
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Electricity and magnetism fill, with almost 200 pages, the longest chapter; it contains, 
among older methods, electrical oscillations and vacuum tubes, photoelectricity, medical appli- 
cations and radioactivity. 

The two last chapters treat electromagnetic radiation of all wave-lengths and even the 
experimental side of the wave properties of matter. This is followed by 41 tables. 

The book is very well written and contains an enormous amount of information. Of course, 
most of the instruments referred to are of German make. My only objection is directed against 
some curious omissions, although that is clearly a matter of subjective judgment; e.g., in 
acoustics the methods of the ultrasonic interferometer are not mentioned, in calorimetric the 
electrical compensation of negative heats of reaction, in other parts the Compton electrometer 
and the Pointolite lamp. 

At the University of Munich it was customary to recommend to candidates for the Ph.D. 
that they study the “Kohlrausch” for their oral. I still think that a very good idea, even more 
so with this new edition, and only wish that all our candidates would know (besides other 
things) its content. 

Kar F. HERZFELD 
Johns Hopkins University 
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